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Abstract

In this paper, we derive the necessary condition for an (a,d)-antimagic labeling of some new classes
of graphs such as H,, FL, and mC,. We prove that H,, is (7n + 2, 1)-antimagic and mC,, is

(3 1)-antimagic. Also we prove that F'L,, has no (", 4)-antimagic labeling.
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1. Introduction

The graphs considered here are finite, undirected and simple. The vertex[edge] set of a graph
G is denoted by V(G)[E(G)] respectively. The weight w(v) of a vertex v € V(G) under an edge
labeling f is the sum of the values f(e) assigned to all edges incident to the vertex v.

A connected graph G(V, F) is said to be (a,d)-antimagic if there exists positive integers (a,d)
and a bijection f : E(G) — {1,2,..., E(G) } such that the induced mapping g; : V(G) — W is
also a bijection where W = {w(v)|v € V(G)} = {a,a +d,...,a+ ([V(G)| — 1)d}.

If G(V, E) is (a,d)-antimagic and f : E(G) — {1,2,...,|E(G)|} is a corresponding bijective
map of G then f is said to be an (a, d)-antimagic labeling of G.

Hartsfield and Ringel [6] introduced the concepts of an antimagic graph. An antimagic graph
G is a graph whose edges can be labeled with the integers 1,2, ..., | E(G)| so that sum of the labels
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at any given vertex is different from the sum of the labels at any other vertex, that is no two vertices
receives the same weight. Some results about antimagic graphs can be seen in [1, 2, 3, 5].

We introduce a the new class of graph H,,. The graph H,, n > 3 is defined as follows: Let
I ={1,2,...,n} be an index set. We denote the vertex set of H,, by

V(Hy,) = {21,209, ooy Ty Y1, Y2, ooy Y2y 215 225 vy Zn }

and the edge set of H,, by

E(Hn> = {$1$2+1/Z € [}U{L‘L’lyzl/l € [}U{ylyz+1/1 S 7 S QH}U{ymle@/Z c [}U{Zizi+1/i c [} .

We make convention that 2,11 = =1 , y2,01 = y1 and 2,1 = 2. In H,, |V (H,,)| = 4n and

|E(H,,)| = 6n.
In [7], The flower graph F'L,,, n > 2 is defined as follows:
Let [ = {1,2,...,n} be an index set. We denote the vertex set of F'L,, by

V(FLn) = {u7u17u27 ey Up, V1, V2, "'7vn71}
and the edge set of F'L,, by
E(FL,) = {uu;/i € I} U{uw;/i € I —{n}} U{ww;_1/i e I —{1}} U{wu,}.

In FL,, |V(FL,)|=2n, |E(FL,)| =3n—1.
In [4], The graph mC,,, m > 1,n > 3 is defined as follows: Let I = {1,2,...,m} and
J =1{1,2,...,n} be two index sets. We denote the vertex set of mC, by

V(an) = {IW/Z el andj S J}
and the edge set of mC), by
E(mC’n) = {.I‘Z"jl’i’]q_l/l' el andj S J}

We make the convention that fori € I,j € J, z;n41 = x;1. InmC,, |V(mC,)| = |E(mC,)| =
mn.
In this paper we prove that H,, is (7n + 2, 1)-antimagic and mC,, is (™23, 1)-antimagic. Also

we prove that 'L, has no (", 4)-antimagic labeling.

2. Main Results

The following theorem gives the necessary condition for an (a, d)-antimagic labeling of the
graph f,,.

Theorem 2.1. If H,,n > 3 is (a, d)-antimagic, then d is odd and a = 9n — (4n — 1) + 3.
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Proof. Let H,,n > 3 be (a,d)-antimagic. Then
W ={w)lveV(G)} ={a,a+d,...,a+ (4n — 1)d.}

Therefore, )y, ) w(v) = 2n[2a + (4n — 1)d]. Since H,, is (a, d)-antimagic, the edges of H,
are labeled by the set of integers {1, 2, ...,6n}. Also each of the edge labels is used twice in the
computation of the weights of the vertices. Therefore }_ i,y w(v) = 2(1 +2+ ... +6n) =
6n(6n+ 1). Therefore 2n[2a + (4n —1)d] = 6n(6n+ 1) implies 2a+ (4n—1)d = 3(6n+1). Thus
d = % Here a = 6 is the minimal value of weight which can be assigned to a vertex of
degree three. Fora > 6,0 < d < %. d is odd for n > 3. Therefore d = 1,3.Ford =1,a = Tn + 2
and for d = 3,a = 3n + 3. Also 2a + (4n — 1)d = 18n + 3 implies a = In — $(4n — 1) + 3.
Therefore (1) has exactly two different solutions (a,d) = (7n + 2,1) and (a,d) = (3n + 3,3)
respectively. L

The following theorem shows the existence of (7n + 2, 1)-antimagic labeling in H,,.
Theorem 2.2. Forn > 3, H, has (Tn + 2, 1)-antimagic labeling.

Proof. Define a mapping f : E(H,) — {1,2,...,6n} as follows:
flziy) =n—i+1forl <i<nmn,
f(ygi_lzi) =2n—1+1forl S ) S n,
_f £ fiisoddand 1 <i<2n—1
Fyyia) = % ifiisevenand 1 <1 < 2n,
f(xixiJrl) = 3n + 7 for 1 § 7 S n,
f(yoi—12z:) =4dn+ifor1 <i <n.
Here the labeling f uses each integer 1, 2, ..., 6n exactly once.
The weight of the corresponding vertices are
(z;) = flriwinr) + f(riwioy) + f(ziye;) = Tm+ifor2 <i<n.
(z1) = f(o122) + f(2120) + f(T12) = 8n + 1.
(Y2:) = f(y2i1v2i) + f(Y2iai1) + f(iy) =8n+i+ 1for1 <i <n.
w(Y2it1) = f(Yair1y2i) + f(Y2ir1v2ive) + f(zir1y2i01)
=In+i+1forl <i<n-—1.
w(yr) = f(y1y2) + f(y1y2) + f(y121) = 10n + 1.
w(z) = f(zizie1) + f(ziziz1) + f(ziy2i—1) = 10n + i for2 < i < n.
w(z1) = f(z122) + f(z120) + f(z1y1) = 11n + 1.
Each vertex of H,, receives exactly one label of weight from {7n 4+ 2,7n + 3,...,11n + 1}
Therefore, H,, has (7n + 2, 1)-antimagic labeling. [l

g€ € &

The following theorem gives the necessary condition for an (a, d)-antimagic labeling of the
graph F'L,,.

Theorem 2.3. Let F'L,,,n > 2 be (a,d)-antimagic.
If n is even, then either d = 1 and a = ™2 ord = 3 and a = 2"
If n is odd, then either d = 2 and a = 2=t ord = 4 and a = ”;1.
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Proof. Let FL,,n > 2be (a,d)-antimagic. Then
W =A{w)/veV(FL,)}={a,a+d,..,a+ (2n—1)d.}

Therefore, >,y (pp, ) w(v) = n[2a + (2n — 1)d]. Since F'L,, is (a, d)-antimagic, edges of F'L,
are labeled by the set of integers {1,2, ..., 3n— 1}. Also each of the edge labeling is used twice in
the computation of weights of the vertices. Therefore } -, gy w(v) =2(1+2+...4+3n—1) =
(3n — 1)3n.Therefore n[2a + (2n — 1)d] = 3n(3n — 1) implies 2a + (2n — 1)d = 3(3n — 1). Thus
d= % Here a = 3 is the minimal value of weight which can be assigned to a vertex of
degree two.
Ifa>3,0<d<?.
When n is even, d is odd. Therefore d = 1, 3.

Ford=1,a = 7";2.

Ford =3,a = 37”
When n is odd, d is even. Therefore d = 2, 4.

Ford =2,a = %

Ford =4,a = "T“

Observation 2.1. By direct verification, we have
1) F Ly has no (3, 3)-antimagic labeling.

2) F' Ly has no (6, 1)-antimagic labeling.

3) F'Ls has no (2,4)-antimagic labeling.

4) F L3 has (7,2)-antimagic labeling.

5) F' Ly has (13, 1)-antimagic labeling.

6) F'Ls has no (3, 4)-antimagic labeling.

The following theorem shows that F'L,, has no ("Jr1 4)-antimagic labeling for n > 9 and n is odd.
Theorem 2.4. F'L, is not (”TH, 4)-antimagic for n > 7 and n is odd.

Proof. The vertex and edge set of F'L, are V(FL,) = {u,uy,us, ..., Uy, V1,02, ..., V1 } and
E(FL,) = {uu;/i € I}U{ww; /i € I — {n}}H{uw;_1/i € I —{1}}U{wiu,}. Then |V(FL,)| =
2n and |E(FL,)| = 3n — 1. Also d(u) = n, d(u;) = 3forall 1 < i < n and d(v;) = 2 for all
1< <n—1.

Suppose F'L, is (*+, 4)-antimagic. Then there exists a labeling

f:E(FL) — {1,2,...3n — 1}

and {w(v)/v € V(FL,)} = {%*, 2 + 4, .., 2 4 (2n — 1)4}.

Suppose w(v) = o 4 (2n - 1)4 for some ¢ = 1,2,....,n — 1. Since d(v;) = 2 for all
1=1,2,...,n—1,the maximum possible labels which are assigned to the edges incident with v; are
3n—1 and 3n—2. But sum of these labels less than “t +(2n—1)4. Hence w(v;) # “*+(2n—1)4
forall 1 < i < n — 1. Also we can’t assign the weights 2 + (2n — 252)4 2 4 (2 —
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2th)4, ., 2 4 (2n — 2)4 in any v; for 1 <4 < n — 1. These weights can be assigned in  or u;
forl <i<mn.

Let K = {2 + (2n — 2£2)4, 28 + (2n — 254, ., 2L 4 (2n — 2)4}. Then |K| = 2L
In F'L,, each u; is of degree three and there is no common edge to two different u; except uy and
Uy, If w(u;) = k where k € K, then the sum of any 3(™+! ) numbers from the list {1, 2, ..., 3n — 1}
is always less than sum of elements in K for all n > 7, which is not possible.

Therefore F'L,, is not ("}, 4)-antimagic labeling for n > 7 and n is odd. O

The following theorem gives the necessary condition for (a, d)-antimagic labeling of the graph
mC,,.

Theorem 2.5. IfmC,,,m > 1,n > 3 is (a, d)-antimagic, then (a,d) = (™% 1) and both m and
n are odd.

Proof. Let mC,,m > 1,n > 3 be (a,d)-antimagic. Then W = {w(v)/v € V(mC,)} =
{a,a+d,..,a+ (mn —1)d}. Therefore, >_, cy (e, ) w(v) = “3*[2a + (mn — 1)d]. Since mC,,
is (a,d)-antimagic, edges of mC,, are labeled by the set of integers {1,2,...,mn}. Also each
of the edge labeling is used twice in the computation of weights of the vertices. Therefore
> vevimeny W) = 2(1 + 24 ... +mn) = mn(mn + 1). Therefore “*[2a + (mn — 1)d] =

mn(mn + 1). Implies 2a + (mn — 1)d = 2(mn + 1). Thus d = %)12“ Here a = 3 is the
minimal value of weight which can be assigned to a vertex of degree two. Fora > 3,0 < d < 2.
Therefore d = 1. Whend = 1, a = %*3 Since a is an integer, mn + 3 = 0(mod2). Therefore

mn is odd. Thus both m and n are odd. ]
The following theorem shows the existence of (a, d)-antimagic labeling in mC,,.

Theorem 2.6. For m > 1 odd and n > 3 odd, mC,, is (mg+3, 1)-antimagic.

Proof. Define the edge labeling f : E(mC,,) — {1,2,...,mn} by

f(xi,l'ri,n) = forl S ) S n,

Flomstms i) = %“ fori=1,3,...,m—2andj=2,4,..n—1
mohytme by DML forj = 0,2,...,m — Land j = 2,4,...,n — 1

f(l‘m—i,n—kxm—i,n—k—l—l) '
B { (mn+1) + =k fori=0,2,...,m—1landk=2,4,...,.n —1,
L

Y

2
mn + 1) + D fori = 1.3 . m —2and k =2,4,...,n — 1.
Here the labeling f uses each integer 1, 2, ..., mn exactly once.
The weights of the vertices of m(C, under the labeling of f are given below.
w(x ) _ { f(xi,jxi,j+1> + f(iL'Z"j,ll'i’j) for: = 1, 2, e, m andj = 1, 2, = 1,
b f(@in-12in) + f(xinxin) fori=1,2,...,mandj = n,
mnt2mtit?  forj =1,3

W(Ti1) = 4 pmnt3mtite .
mis - fori = 2,4 -1,

{w(z;1)/i=1,2,...,m} = {228 4y D03 gy ] 20D 4 9y — 1},
() mutmtit? fori=1,3,...,m
s matttl - fori=2,4,..,m— 1,
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{w(@;,)/i=1,2,..,m} = {3 mnds 4 g mndd 4 gp — 1, } and
{w(z;;)/i=1,2,...,mand j =2,3,....,n — 1}
= {%H—i—Zm,%H—l—Qm—l—l,...,%%#—mn—l}
Each vertex of mC), receives exactly one weight from {%*3, %Jr?’ +1,..., %*3 + mn — 1} )

Hence for both m > 1 and n > 3 odd, mC,, is (™22, 1)-antimagic. O]
9
=
19
17
.
18

Figure 1. Hy is (30, 1)-antimagic

3. Open Problems and Conjectures

Problems:

e Determine whether F'L, is (®%-, 2)-antimagic or not for n is odd and n > 5.
e Determine whether H,, is (3n + 3, 3)-antimagic or not for n > 3.

From our experience on this labeling, we propose the following conjectures.
Conjectures:

e For nis even and n > 6, F'L,, is not ( , 1)-antimagic.

e For n is even and n > 4, F L, is not (2, 3)-antimagic.

Tm—2
2
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]

Figure 2. F3 is (7, 2)-antimagic and F} is (13, 1)-antimagic

13

Figure 3. 3C5 is (9, 1)-antimagic
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