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Abstract

A simple graph G admits a K ,-covering if every edge in E(G) belongs to a subgraph of G
isomorphic to K ,. The graph G is K ,-supermagic if there exists a bijection f : V(G) U
E(G) = {1,2,3,---,|V(G) U E(G)|} such that for every subgraph H' of G isomorphic to K ,,
> vevian f (V) + 2 ey fe) is a constant and f(V(G)) = {1,2,3,---,|V(G)|}. Insucha
case, f is called a K; ,,-supermagic labeling of G. In this paper, we give a method how to construct
K ,-supermagic graphs from the old ones.
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1. Introduction

In this paper, we consider finite and simple graphs G with the vertex and edge sets V(G)
and E(G), respectively. The number of vertices (edges) in the graph G is called order (size) of
G. Let H be a given graph. An edge-covering of G is a family of subgraphs H,, ..., Hy such
that each edge in F(G) belongs to at least one of the subgraphs H;, 1 < i < k. Then it is
said that G admits an (Hy, ..., Hy)-(edge)covering. If every H;, 1 < i < k, is isomorphic to
the graph H, then G admits an H-covering. Suppose G admits an H-covering. A total labeling
f:V(G)UEG) = {1,2,3,...,|V(G) U E(G)|} is called an H-magic labeling of G if for
every subgraph H' of G isomorphic to H, }_ cy gy [(v) + X ccpry f(€) = ¢y is a constant.
The constant ¢y is called magic constant of the labeling f. An H-magic labeling f is called an
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H-supermagic labeling if f(V(G)) = {1,2,3,...,|V(G)|}. A graph that admits H-(super)magic
labelings is called H-(super)magic. In this paper, we consider such a labeling when H is a star
K.

The H-(super)magic labeling was first introduced and studied by Gutiérrez and Lladé [3] in
2005 where H-supermagic labelings for stars, complete bipartite graphs, paths and cycles are
considered. In [7], Lladé and Moragas studied C),-supermagic labeling of some graphs. They
proved that the wheel W,,, the windmill W (r, k), and the prism C,, X P are C},-supermagic for
some h. Cycles-supermagic labeling of chain graphs kC,,-path, triangle ladders TL,,, grids P, x
P,, forn = 2,3,4,5, fans F,,, and books B,, can be found in [8]. The complete results on these
labelings can be found in [2].

For H = P,, an H-supermagic graph is also called a super edge-magic graph. The notion of
a super edge-magic graph was introduced by Enomoto at al [1] as a particular type of edge-magic
graph given by Rosa [5]. For further information about (super) edge-magic graphs, see [2]. The
H-magic labeling is related to a face-magic labeling of a plane graph introduced by Lih [6]. A
total labeling f of a plane graph is said to be face-magic if for every positive integer s, all s-sided
faces have the same weight. The weight of a face under the labeling f is the sum of labels carried
by the edges and vertices surrounding it. Lih [6] allows different weights for different s. When a
plane graph G contains only n-sided faces then face-magic labeling of G is also C,,-magic labeling.
Other results about this labeling can be found in, for instance, [2].

In this paper, we give a method how to construct star-supermagic graphs from the old ones.
Based on this, we have new families of star-supermagic graphs.

2. The Results

In this section, we propose a method for constructing new star-supermagic graphs from certain
star-supermagic graphs. To do this, we need the the following notations. The sum of all vertex and
edge labels on H (under a labeling f) is denoted by > f(H). For any two integers n < m, the set
of all consecutive integers from n to m is denoted by [, m]. For any set X C N, the set of natural
numbers, we write XX = X, yz. For any integer k, X +k = {z+k : x € X}. Thus k+ [n, m] is
the set of consecutive integers from k+n to k+m. Itis easy to check that X(X + k) = k| X|+XX.
Furthermore, we also need the concept of a k-balanced set. P = { X, Xo, ..., X} is said to be an
equipartition of a set of integers X if X, X, ..., X} are non-empty disjoint subsets of X whose
union is X and, fori € [1,k], | X;| = % The set X is said to be k-balanced if there exists an
equipartition P = {X1, X, ..., X);} of X with the property that ©.X; = =X, i € [1, k].

Lemma 2.1. For any positive integers k and m, the set X = [1,2km)] is k-balanced.

Proof. For every i € [1,k], define A; = [(i — 1)m + 1,im| and B; = km + Aj1_;. For every
i € [1,k], let C; = A; U B;. It can be checked that for i # j, C; N C; = 0, Ule C; = X, and for
i € [1,k], |C;| =2m. So, P = {C4,Cs,...,Cy} is an equipartition of X. Furthermore, for every
i € [1, k], it can be checked that ) C; = m(2km + 1). Thus, X is k-balanced. O

For example, let k = m = 3, and thus X = [1,18]. Then A; = {1,2,3}, Ay = {4,5,6},
and A; = {7,8,9}. B, = {16,17,18}, B, = {13,14,15}, and B; = {10,11,12}. The
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equipartition subsets of X are C; = {1,2,3,16,17,18}, Cy = {4,5,6,13,14,15}, and C5 =
{7,8,9,10,11,12}. Here, . C} = 3" Cy = 3. 0 = 57.

Corollary 2.1. For any positive integers k, m, and p, the set Y = [p+ 1,2km + p| is k-balanced.

Proof. An equipartition of Y is { Dy, Dy, ..., Dy}, where D; = p+C;, i € [1, k|, and C; is defined
as in the proof of Lemma 2.1. [

Theorem 2.1. Let G be a graph with of order p and size q edges and admits a K, a)-covering,
where A(G) is maximum degree of G. Let H be a graph formed from G by attaching m > 1
pendants to every vertex v of G whose degree deg(v) = A(G). If G is Ky ac)-supermagic, then
H is Ky A(G)+m-Supermagic.

Proof. Let G be a K (q)-supermagic graph with a Ky a(¢)-supermagic labeling f. Let vy, vg, . . .,
vy be vertices of G such that deg(v;) = A(G), ¢ € [1, k]. Then, for every i € [1, k] we have

cr=F)+ Y, S+ Y fluw),

where N (v;) = {u : uwv; € E(G)}.
Next, define H as a graph with

V(H)=V(G)U{v :ie[l,k],je[l,m]},

E(H) = FE(G)U{vw! :ie[l,k],j €[1,m]}.

Thus, H is a graph of order p+ km and size ¢ + km. Additionally, H is a graph with maximum
degree A(G) + m. Since G admits a K, A(e)-covering and based on how H is constructed, then
H admits a Ky aA(g)+m-covering.

Let Uy = [1,p|, Uy = [p+ 1,2km + p|, and U3 = [2km + p+ 1,2km + p + q]. So, Uy, Us, Us
is a partition of [1, 2km + p + ¢|. By corollary 1, the set Uy = [p + 1, 2km + p] is k-balanced. For
every i € [1, k|, let D; be balanced subsets of Us, where D; is defined as in the proof of Lemma 2.

Next, define a total labeling

g:V(H)UE(H) — [1,p+ q+ 2km)|

as follows.
| f(2), forz € V(G),
9(w) = { 2km + f(z), forz € B(G).

Under the labeling g, g(V(G)) = [1,p| and g(E(G)) = [2km + p + 1,2km + p + q]. Label
the remaining 2km pendant vertices and 2km pendant edges of H, as follows. For i € [1, k],
label {v/ : j € [1,m]} U {vw] : j € [1,m]} with the elements of D; such that the label of v/
less than the label of v;u]. Thus, under the labeling g, g(V (H)) = [1,p + km)] and g(E(H)) =
[km +p+1,p+ q+ 2km].
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Next, we show that g is a Ky a(¢)+m-supermagic labeling of H. For every i € [1, k],

Cg = g(vi) + ZuEN(U,-) g(“) + ZuEN(’ui) g(uvi)
= g(vi) + ZugN(Ui)mV(G) g(u) '+ ZueN(W)mv(G) g(uv;)
+ 200 9(]) + 2200 g(viv])
= (i) + 2uenn (W) + 2 uen(n [2km + f(uvi)]
+ Z D;
= ¢ + (2kA(G) + 2p + 1)m + 2km?.

Hence, g is a K a(q)+m-supermagic labeling of H. So, H is a K a(q)+m-supermagic graph.
O]

Illustrations of Theorem 2.1 for case A(G) = 2,p = k = 5, and m = 1 is given in Figure 1,
and for case A(G) = 2,p =7,k = 5, and m = 2 is given in Figure 2.

(a)

Figure 1. (a) The K »-supermagic labeling of C5 with the magic constant 25. (b) The K 3-supermagic labeling of
the graph which is obtained by attaching a pendant to every vertex of Crs with the magic constant 66.

9 1 13 15 17

(b)

Figure 2. (a). A K o-supermagic labeling of P; with the magic constant 34. (b) A K 4-supermagic labeling of a
caterpillar which is formed by attaching two pendants to every vertices of P; except the pendants vertices with the
magic constant 144.

In [3], Gutiérrez and Llad6 proved the following results. The cycle C), is P;-supermagic for
any t € [2,n — 1] such that ged(n, t(t — 1)) = 1, and P, is P,-supermagic for every h € [2,n].
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In particular, they proved that the cycle (), is P3 = K o-supermagic for any n > 3 such that
gcd(n,6) = 1, and P, is P3-supermagic for every n > 3. As a consequence of these results and
Theorem 2.1, we have the following corollaries.

Corollary 2.2. For any n > 3 such that gcd(n,6) = 1, and m > 1, the corona product of C,, and
mkK, C, © mK;, is a Ky p,19-supermagic graph.

Corollary 2.3. For n > 3 and m > 1, the caterpillar formed by attaching m pendant edges to
every vertex of degree two of the path P, is a K ,12-supermagic graph.

The open problem related to the K ,,,12-supermagic labeling of C,, © m K is as follows.

Problem 1. For any n > 3 such that ged(n,6) # 1, and m > 1, determine whether there is a
K ymyo-supermagic labeling of C,, © mK;.

In [4], Jeyanthi and Selvagopal proved the following results.

Theorem 2.2. [4] Let H,, H,, ..., H,, be n disjoint copies of star K, ,, and G be the graph ob-
tained by joining a new vertex to a pendant vertex of H;, i € [1,n]. Then G is a K, ,,-supermagic
graph.

Theorem 2.3. [4] Let H,, Hs, ..., H, 1 be n+ 1 disjoint copies of star K, ,, and G be the graph
obtained by joining a new vertex to the center vertex of H;, i € [1,n + 1]. Then Gy is a Ky 1~
supermagic graph.

Again, as a consequence of these results and Theorem 2.1, we have the following corollaries.

Corollary 2.4. For m > 1, the graphs G formed by attaching m pendant edges to every vertex of
degree n of Gy is a Ky ,4m-Supermagic graph.

Corollary 2.5. For m > 1, the graphs G’ formed by attaching m pendant edges to every vertex of
degree n + 1 of Go is a K 1 m+1-supermagic graph.

Next, we show the existence of a K ,-supermagic labeling of two classes of graphs for some
integers n. Let & > 1 be an integer. Let G, be a graph with V(Gy,) = {z;,y; : i € [1,k+ 2]} U{c; :
i €[l,k+ 1]} amd E(Gy) = {xici,yici » 1 € [,k + 1]} U{cxiin, ¢iyisr - @ € [1,k + 1]}. Thus,
G, is a graph of order 3k + 5 and size 4k + 4, and it is obtained from a chain graph k£C-path by
attaching two pendants to the vertices c¢; and ¢y 1, respectively.

Theorem 2.4. For every positive integer k > 1, the graph Gy, is K, 4-supermagic.
Proof. Define a vertex labeling f; : V(Gx) — [1, 3k + 5] as follows.

;

1, ifu =z, 1is odd,

1, if u=1y;, 11s even,

s(3k+8—1), ifu=uy, iis even, kis even,
filu) =< 2(4k+9—1i), ifu=y,, iis odd, kis even,

5(4k 4+ 10 — i), ifu =1y, tis even, kis odd,

s(Bk+8—1), ifu=y;; iis odd, kis odd,

3+ 64,  ifu=c,iel[lk+1].
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Next, for every i € [1, k + 1], define an edge labeling f> : E(Gy) — [1, 4k + 4] as follows.

2 —1, if u = x;c,
)2 ifu=c;xi,
falu) = 4k 4+ 6 — 21, if u = y;c;,

4k +5— 22, ifu = CilYit1-

Foreveryi € [1, k+1], let Kﬁ be the sub-stars of G, with vertex set V(K@l) ={ci, i, Tig1, Vi Yir1 }
and edge set E(K@l) = {ciwi, ¢;ixiv1, CiYi, CiYiv1 }- It can be checked that for every i € [1, k + 1],

i 1
AT = file) + i) + i) + (i) + filyin) = [5(13% +31))
and '
Fo(KY)) = folcia) + falewys) + faleminn) + falciyin) = 8k + 10.
Finally, define a total labeling f3 : V(G) U E(Gy) — [1, Tk + 9] as follows.

[ A, ifu e V(Gy),
fS(u) - { 3k_|_5_|_f2(u), ifue E(GZ)

It is easy to verify that, for every i € [1,k + 1], > fg(Kl(i)l) = fl(Kfi)l) + 12k + 20 + fg(K@l)
[2(53k +91)].

cIo

As a direct consequence of this result and Theorem 2.1, we have the following corollary.

Corollary 2.6. For any integers k > 1 and m > 1, the graph formed by attaching m pendants to
every vertex of degree four of the graph G\, is a K1 ;,,+4-supermagic graph.

Next, we consider of K 3-supermagic labelings of a ladder minus two edges. First, we define
the ladder L,, = P, x P», n > 3, as a graph with vertex set V(L,) = {z;,y; : ¢ € [1,n]}
and edge set E(L,) = {z;y; : i € [1,n]} U{zizi1,vi¥i11 : @ € [1,n — 1]}. For any integer
n > 3,let H, = L, — {z1y1, xxyn}. Thus, H, is a graph with V(H,,) = V(L,) and E(H,) =
E(L,) — {x1y1, Tnyy, }. In the following theorem, we show that H,, is K 3-supermagic for every
n > 3.

Theorem 2.5. For any integer n > 3, H,, is K, 3-supermagic.

Proof. Define a vertex labeling ¢, : V/(H,,) — [1, 2n] as follows.
Casen = 0,1 mod 4.

([5(3n+3—1)], ifu=u=;, i=0mod4,

(i +1), ifu=;, i =1mod 4,
s@n+2—1d), ifu=uz;, i=2mod4,

) An+2+4)), ifu=uz; i=3mod4,
g1(u) = n+2—4), ifu=y, i=0mod4,
[i(n+2+1i)], ifu=y,; i=1modH4,
L%(Sn—i—?)—@'”, ifu =1y, i =2mod 4,

L 3(i+ 1), if u =y;, i = 3 mod 4.
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Case n = 2,3 mod 4.

((s(n+2—1i), ifu=ux;, i=0mod4,
%(z’—l—l), if u=x;, i =1mod 4,
[3(3n+3—14)], ifu=ux,;, i =2mod4,

) lsn+2+4)), ifu=uax; i=3mod4,
g1(u) = 1Bn+3—14)], ifu=1y, i=0mod4,
3(n+2+414)], ifu=y, i=1mod4,
s(An+2—1i), ifu=y;, i=2mod4,

[ 5 +1), ifu=uy,;, i =3 mod4.

It is easy to verify that fori € [2,n — 1], g1(x;—1) + g1(z:) + g1(zi1) + 1 (ys) = 91(yiz1) +
91(y:) + 91(Yiz1) + g1 (x;) is 4n + 3, if n is even and 4n + 4, if n is odd.
Next, define an edge labeling g- : E(H,) — [1,3n — 4] as follows.

s(i+1), if u = x;7;,1, is odd,
[3(3n —2+41)], ifu=a;2,, iiseven,
go(u) =< 2(2n—1+14), ifu=yy;1, iisodd,
[3(n+1)], if u = y;y;+1, 7 1s even,
3n —2—1, ifu=uxy;, i€[2,n—1].

It can be checked that for i € [2,n — 1], g1(z;_12;) + g1(zixiv1) + g1(xy) = 91(yi1ys) +
91(Yiyir1) + 91(yizi) is 5(9n — 6), if n is even and $(9n — 7), if n is odd.
At last, define a total labeling g5 : V(H,) U E(H,) — [1,5n — 4] as follows.

[ g, if u e V(H,),
gs(u) = { o2n + go(u), ifu € E(H,).

It is a routine procedure to check that g3 is a /; 3-supermagic labeling of H,, where for every
subgraph H' of H,, isomorphic to Ky 3, Y f3(H')is [1(29n + 1)]. O

By applying Theorem 2.1 to this result, we have the following result.

Corollary 2.7. For any integers n > 3 and m > 1, the graph formed by attaching m pendant
edges to every vertex of degree three of the graph H,, is a K, ,,,3-supermagic graph.

Problem 2. Investigate the existence of K, ,,-supermagic labelings of other classes of graphs.
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