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Abstract

Let G = (V(G), E(G)) be a graph and k be a positive integer. A total k-labeling of G is a map
f:V(G)UE(G) = {1,2,...,k}. The vertex weight v under the labeling f is denoted by w(v)
and defined by wy(v) = f(v)+_, cp(q) f(uv). A total k-labeling of G is called vertex irregular if
there are no two vertices with the same weight. The total vertex irregularity strength of (G, denoted
by tvs(G), is the minimum k such that G has a vertex irregular total k-labeling. This labelings
were introduced by Baca, Jendrol, Miller, and Ryan in 2007. Let G and H be two connected
graphs. Let o be a vertex of H. The comb product between GG and H, denoted by G >, H, is a
graph obtained by taking one copy of G and |V (G)| copies of H and grafting the i-th copy of H at
the vertex o to the i-th vertex of GG. In this paper, we determine the total vertex irregularity strength
of comb product of two cycles and two stars.
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1. Introduction

Let GG be a graph with vertex set V(G) and edge set F(G). A total labeling f : VU E —

{1,2,...,k} is called a vertex irregular total k-labeling of G if every two distinct vertices x and y
in V(G) satisfy wt(x) # wt(y), where wt(x) = f(x)+ >, f(xz). The total vertex irregularity
z2€E(Q)

strength of GG, denoted by tvs(G), is the minimum % for which G has a vertex irregular total k-
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labeling. In [1], Baca et al. gave the bounds for a graph G with minimum degree 6(G) and
maximum degree A(G) by the following form:

[(IV(G)] +0(G)/(A(G) + D] < tvs(G) < [V(G)| + A(G) = 26 + 1. (D

In [6], Przybylo proved that tvs(G) < 32|V (G)|/0(G)+ 8 in general and tvs(G) < 8|V (G)|/r+3
for r—regular graphs.

Ramdani et al. in [7], gave an upper bound on the total vertex irregularity strength for | J;" |, G;
as follows.
Let (G; be an r-regular graph, for¢ = 1,2,...,m. Then

tvs (Q GZ-) < ém(@) _ {mT_lJ | @)

In the same paper, Ramdani et al. obtained the exact value of the total vertex irregularity
strength for disjoint union of arbitrary r-regular graphs G, fori = 1,2, ... m, if there is a vertex
irregular total (tvs(G;))-labeling of G; such that the vertex-weight function

wy, (Vig) : V(G) = {r+1Lr+2,---,(r+ 1)tvs(G;) — 1}

is a bijection for every ¢ = 1,2,...,m, which is

tvs (U G,-) = Z tvs(G;) —m + 1. 3)
i=1 i=1

In [3], Nurdin proved that

A
s(G) > max{ P u ”ﬂ , P ty ”ﬂ e {—‘5 + s ﬂ } )

0+1 d+2 A+1

for connected graph G having n; vertices of degree i(i = 6,6 + 1,5 +2,--- ,A), where § and A
are the minimum and the maximum degree of G, respectively.

In [8], Ramdani and Ramdhani obtained the exact value of the total vertex irregularity strength
of comb product between cycles C,, and C), as follows.

tvs(C, >, Cy) =n+1, for n > 3. (5)

Some other results of the total vertex irregularity strength of graphs can be found in [2], [4],
[5], [9], and [10].
2. Main Results

In this paper we determine the total vertex irregularity strength of some comb product graphs.

Let o be a vertex of H. The comb product between GG and H, denoted by G >, H, is a graph
obtained by taking one copy of G and |V (G)| copies of H and grafting the i-th copy of H at the
vertex o to the i-th vertex of G.

An illustration of comb product graph is given in Figure 1.
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Figure 1. (a) Two graphs G and H; (b) The comb product graph G >, H; (c) The comb product graph G >,, H

The first result gives the total vertex irregularity strength of comb product between two cycles.

Theorem 2.1. Let C,,, and C,, be cycles with order m and n respectively. Then, for m > 3, n > 3,
and for every vertex o in C,,,

tvs(Cp >, Cp) = [MW .

3
Proof. Let V(C,, >, Cp) ={u;; |1 <i<m, 1<j<n}and

E(Cm >, Cn) = {ui,jumﬂ | 1< < m, 1 Sj <n-— 1} U {ui,nui,l | 1< < m}
U{Ui71ui+171 | 1 S Z S m — ]_} U {umvlulvl}.

An illustration of C,,, >, C,, with o be a vertex in (), can be seen in Figure 2.
The C,, >, C,, graphs have m(n — 1) vertices with degree 0 = 2 and m vertices with degree
A = 4. So, by using Inequality (4), we have

tvs(Cp, >, Cp,) > max { Fer(n*l)-‘ , [Hm(n*lﬂm-‘} = {w-‘ )

3 5 3
So, we have

(6)

t05(Clp 5 C) > [MW |

3
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Co &, (3

Figure 2. Comb product graph C,,, >, C,, withm =6 and n = 3

Next, we will show that

t05(Con 159 Cl) < [m("%l”ﬂ |

Define a total labeling f : V(C,,,>,C,)UE(C,,>,C,) — {1, 2,..., {MW } as follows.

fluir) = [w—‘ , forl <i<m;

P(n— 1) - (n—j)w

f(uw)

forl1 <i:<m, 2< 5 <n;

1 i
S juiji) = [(n )?En J )w for1<i<m,1<j<n-1;

—1)+2
fuinui) [ n )+ -‘ for1 <i<m;

m(n—1)+2

f(uz 1Ui41, 1) ’V 3

—‘ forl <i<m—1;

) - [0+,

From the labeling above, we have the weight of each vertex of C,,, >, C), as follows.
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1. For1 <7 <mandj = 1, we devided the formula into three cases.
(a) Case 1 :Fori=1andj =1,

wy(ui;) = wp(ui)
= flurp) + flurauza) + flurguma) + flurung) + f(urnuig)

o m(n—1)+2 m(n—1)+2 m(n—1)+2) n—1—(n—1-2)
= [regi ] e [megpen] + [rsgman]
+ =57
_ m(n—1)+2 2 1
= 3[R 3] 4 R
(b) Case2:For2<i<m-—1landj =1,

wy(ui;) = wp(ui)
= fluin) + fluinwizin) + fuim1iwin) + fuiawg) + f(winii)

o m(n—1)+2 m(n—1)+2 m(n—1)+2) i(n—1)—(n—1-2)
= [t v [regue] ¢ [regn] 4 femspmss]

X P(n—;)n

_ m(n—1)42 i(n—1)—(n—3) i(n—1)42
- 3[megne| [mpemn] [l
(c) Case3:Fori=mandj =1,

wi(uij) = wp(uma)
= fuma) + fumauia) + f(Um1im1) + f(Umitmz) + [(Umntm1)

_ m(n—1)+2 m(n—1)42 m(n—1)+2) m(n—1)—(n—1-2)
=[] ¢ [regie] g [ueguen] y [remigeas]
+’Vm(n;1)+2-‘

_ m(n—1)42 m(n—1)—(n—3) m(n—1)42
= 3 |egit] o [mestplon] g [atgie],
So, we have the general formula of wy(u; ), for 1 <i <mand j = 1, as follows,

m(n _31) + zw N F(n —1) 3— (n — 3)} N F(n —31) + 2} e

wy(uij) = wy(uix) =3 [

forl <¢<m.
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2. For1 <7 <mand2 < j <n, we devided the formula into two cases.
(@) Casel : Forl <i<mand2<j<n-—1,

w(uij) = fluig) + fluiguige) + fluij1uig)

_ Tim=1)=(n—5] i(n—1)—(n—j—2) [i(n—1)—(n—(j—1)—2)
— - |y . J + - J —‘

_ Tim=1)=(n—5] [i(n—1)—(n—j—2) [i(n—1)—(n—j—1)
- 3 s 3 : + 3 ’ 1

3 3 3

_ [itn=1)—(n—y) | i [i(n—1)—(n—j)+2 | 4 "z‘(n—l)—(n—j)ﬂ

( (z’(n—l)g—(n—j)) i <z’(n—1>—3(n—j)+3> i (i(n—l)—én—j)+3>
fori(n — 1) — (n — j) = 0 mod 3;

(i(n—l)—g(n—j)—l—Q) 1 (i(n—l)—gfn—j)—ﬂ) 4 (i(n—l)—g(n—j)—i—Q)
fori(n — 1) — (n— j) = 1 mod 3;

(i(n—l)—g(n—j)—l—l) 1 <i(n—1)—3(n—j)+4) i (i(n—l)—g(n—j)—i—l)
| fori(n —1) — (n—j) = 2mod 3;

<3i(n—1)—(n—j)+6>
3

= i(n—1)—(n—j)+2
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(b) Case2:Forl <:<mandj=n,

Wi(tin) = fluin) + f(Uinur) + f(Uin-1Uin)

_ i(n—1)—(n—n) i(n—1)42 i(n—1)—(n—(n—1)—2)
= [y e e
- i(n—1) i(n—1)42 i(n—1)+1)
= [egn] [ frese]

( [i(n—1) i(n—1)+3 i(n—1)+3
(572) + (52) + (52)

fori(n — 1) = 0 mod 3;

i(n—1)+2 i(n—1)+2 i(n—1)+2
_ ) () ()

fori(n — 1) = 1 mod 3;

i(n—1)+1 i(n—1)+4 i(n—1)+1
() + () + ()

| fori(n —1) =2mod 3;

[ 3i(n—1)+6
= ()

= i(n—1)+2.

So, we have the general formula of w¢(u; ), for 1 <i <mand 2 < j < n, as follows,
wy(uij) =i(n—1) — (n —j) + 2. ®)

It will be shown that there are no two vertices with the same weight.
(a) It will be shown that wy(u; 1) # we(uy) fori # kand 1 < i,k < m.
Let i = k + 1. It will be shown that wy(u; 1) > wg(ug ).
1. Forn = 3,

[ m(3—1)+2
3

wf(uz‘,l)

3 z‘(3—1)3—(3—3)" n P(3—31)+2"

3 m(3;1)+2 (k+1)(3—31)—(3—3)-‘ 4 ’V(k+1)(§fl)+2-‘
3

3

i 2m+2 +2 2k+4

2m+2" (%W 1 (2k+2"
we(upa).

T“;++

vl
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ii. Forn >4,

_m(n—1)+2_

R. Ramdani

i(n—1)+2

wf(ui,l) =

m(n—1)+2_

_i(n—l)—(n—3)—‘ 4

3 3

m(n71)+2_

(k+1)(n—1)—(n—3) (k+1)(n—1)+2
3 + 3

_m(n—1)+2_

3 3
| k(n—1)+(4—1)—(n—3) E(n—1)+(4—1)+2
3

| k(n—1)+(n—1)—(n—3) X (k(n71)+(n71)+2)-‘

m(n—1)+2_

=t |
| k(n—1)+(3)—(n—3) 4 E(n—1)+(3)+2

m(n71)+2_

3 3

Vv
W W W W W W w

_m(n—1)+2_

+ o+ o+ o+ o+ o+ o+

_k(nfl);(nf?)) + (%) + ’VW-‘ + (%)

= wf(uk,l) + 2

> U)f(uk’l).

| k(n—1)—(n—3) k(n—1)+2
“o-] , [t

So, it has been proven that wy(u; 1) # wy(uy) forevery i # kand 1 < i,k < m.
(b) It will be shown that wy(u; ;) # wy(ug,) fori # korj # 1,1 < i,k < m and

2<j,1<n.
i. Fort > kand j =1,

wi(u; ;)

v 1

iln—1)—(n—7j)+2
k(n—1)—(n—j)+2
k(n—1)—(n—1)+2
we(ug,).

So, we have wy(u; ;) > wy(uy,) fori > kand j = 1.

ii. For: > kand j > I,

wy(u; ;)

v 1

iln—1)—(n—j)+2
kn—1)—(n—1)+2
wf(uk,l).

So, we have wy(u; ;) > wy(uy,) fori > kand j > .

iii. For: > kand j <,

wy (g ;)

Since j > 2,

kln—1)+n—1)—n+j+2

v

iln—1)—(n—7j)+2
(k+1)(n—1)—(n—7j)+2
kln—1)4+(n—1)—n+j+2.
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Since [ < n,
kn—1)4n—-n+3 > kn—1)+1l—n+3
= kn—-1)—(n—-10+3
> kin—1)—(n—10)+2
= wy(ugy).

So, we have wy(u; ;) > wy(uy,) fori > kand j < 1.
So, it has been proven that wy(u; j) # wy(uy,) forevery i # korj # [ for1 <i k <
mand 2 < j,1 < n.
(c) It will be shown that wy(u; 1) # wy(uyy) for 1 <i,k <mand2 <[ <n.
Since 7 > 1, we have

wi(ui) = 3 w + P(nfl);(nf:a)" n P(H?Hﬂ'

> 3 m(n;l)+2 I {1(%1)7(%3)"‘ 1 ’71(n71)+2-"

> 3[2egie] oy TH) 4 [,

Since 3 [M-‘ >3 <w> and n > 3, we have

wpuy) > 3|20 4 (2] 4 [2],
m(n—1)42
> 3 (miegte) 2] 4 2]
> (mn—1)+2)+1+2.
> m(n—1)+5.
So, we have an inequality
wy(uir) > m(n—1)+5, 9)

On the other hand, Since 1 < k <mand2 <[ <n,

wr(ugy) = k(n—1)—n+1+2

< mn—1)—n+n+2
< m(n—1)+2.
< m(n—1)+5.

So that, for 1 < k£ <mand 2 <[ < n, we have an inequality as follows,

we(ugy) <m(n—1)+5 (10)

From Inequatily (9) and (10), we have wy(uy;) < wy(u;p) for 1 < i,k < m and
2<<n.
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From the three points above, we can conclude that from the labeling f, there are no two vertices
with the same weight. So, f is a vertex irregular total [ww -labeling of C,,, >, C,,.
So we have Inequality (11),

t0s(Chy > C) < [ww . (11)

By using Inequalities (6) and (11), we have an equation as follows,
t05(Cr >0 C) = [ww . (12)
]

The next theorem provides the total vertex irregularity strength of comb product between two
stars.

Theorem 2.2. Let S,, and S,, be stars with order m + 1 and n + 1 respectively, and o be the center
vertex of Sy,. Then, form > 2 andn > 2,

tvs(Sy, >0 Sp) =

[n(m +21) + 1} '

Proof. Let
V(SmDOSn):{U17J‘1§Z§m+1, 1§j§n+1}

and
E(Sm >, Sn) = {Uiyl'u,erl’l ‘ 1 S ) S m} U {umui’j ’ 1 S 7 S m 4+ 1,2 Sj S n -+ 1}

An illustration of S,,, >, S, with o be the center vertex in 5,, can be seen in Figure 3.
The S,, >, S,, graphs have n(m + 1) vertices with degree 5 = 1, m vertices with degree n + 1,
and one vertex with degree n + m. So, by using Inequality (4), we have

tvs(Sy >0 S,) > max { P(mﬂ)ﬂ—‘ , [m"+”+2-‘ , (m”+"+3W} = {M—‘ )

2 n+1 n+m+1 2
So, we have
1 1
t05(Sm B0 S) > [%W . (13)
Next, we will show that
1 1
£05(Sp B S1) < [%] |

Define a total labeling f : V(S,,>,S,) UE(S,, >,5,) — {1, 2,..., {w-‘ } as follows.
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u s U3
Uz &t Uis '
Uy o Uza
Uz s
Upq Uz 1
Us 5
’ Ug 2
Us,4 Us,1 Ug 7 Ug 3
Us 3 Us,4
u u4'1 u6,5
5.2 Uz 1 Uz
Uss Us 5
Ug g U3q
Uyg3z Ugp
Uz s
55 ) 54

Figure 3. Comb product graph S,,, >, S, withm =5 andn =4

1)+1
fluin) = [n(m%)—k-‘ forl <i<m+1;

. _q
f(ui,j):’V 5 —‘,f0r1§i§m+1,2§j§n+1;

nim+1)+1

f(ui,lum—i-l,l) = [ 9

—‘ for1 <i<m;

n(i—1)+j

f(umui’j):[ 5 —‘ f0r1§1§m+1,2§j§n+1

From the labeling above, we have the weight of vertices of S,,, >, S,, as follows.
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I. Forl <i:<mandj =1,

wy(uij) = we(uin)

= fluin) + D75 fuiaui )

n(m+1)+1 n n(i—1)+7
= {( 2) W+2j:2{(2)f‘

(

g [ntmen1] 4 (n@;l)) + n5H4n-1 for  is odd and 4 is odd;

_ 9 M +n (”“‘21)*1) + ”2+i"+1 for n is odd and 7 is even;

9 n(m—;l)+l +n <TL(22—1)> + n2—£4n for n is even.
\

2. Fori=m+1landj =1,

wy(uiy) = wiltmprn) -
= flums11) + 225 fUmiratms) + 20 f(Wiitmir1)

n(m+1)+1 n n((m+1)—1)+y m n(m+1)+1
- {( -y %LZFQ((( ) “%LZ@-:J( -y W

p — -

(m 4 1) | Mt DEL gy (el n%420tL for gy s odd and m is odd;

= (m 4 1) | MDA gy (nm) 4 n®edns for s odd and m is even;

(m 4 1) | M DLy (nm) 40?440 for g i even,

\

3.For1<i:<m+1land2<j5<n+1,

wr(uiy) = fluig) + fluiugg)
. n(i—1)+j—1 n(i—1)+j
= || ]

(W) 4 <w> for n(i — 1) + j is odd;

(n(i—21)+j) n <n(i—21)+j> for n(i — 1) 4 j is even;

= n(i—1) 4.

It will be shown that there are no two vertices with the same weight.
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1. It will be shown that w(u; 1) # ws(ug,) fori # kand 1 < i,k < m.
Let ¢ = k + 1. It will be shown that wg(u; 1) > wg(ug1).
(a) For 7 is odd, (then, k is even), we have

wf(uz‘,l)

I
NN NN

[ n(m+1)+1]
2

-n(m+1)+1 i
2
_n(m+1)+1 i
2
| n(m+1)+1

wy(ug,1) +

2

n(i—1) n2+4n—1
+n 2 >+ Jr4

n(k) n?+4n—1
TlmT) T
+n nk—(Qn—l)) +n(n2—1) +n2+in+1 +2n4—2'

n(k—1)+1 n24+2n+1 (n—1) 2n—2
+n 2)+4+””2+4.

(n—1) 2n—2
S A

Since n > 2, then ") 4 2022 S,

(b) For i is even, (then, & is odd), we have

wf(ui,l)

Since n > 2, then # > 2. So,

w(uin) > we(ugy). (14)
. [n(m+1)+1] n(i—1)+1 n2+2n+1
= 2 e +n 2 + 4
o n(m+1)+1 n(k)+1 n242n+1
= 2 . {5 ) 3
_ n(m+1)+1 nk+1 2n? n?44n—1 2n%4-2 2n
_2_(2 _+n(;)—4+ T T T
_ n(m+1)+1 nk n n? n24+4n—1 n2+1 n
= 2| () Fr -y A e -
_ n(m+1)+1 nk n? n2+44n—1 n2+1
= 2 I +n (7) -2 1 T3
_ n(m+1)+1 nk—n n244n—1 n2+1
= 2 T2 + n( 2 ) +—  t 7
. n(m+1)+1 n(k—1) n2+4n—1 n2+1
= 2|75 |tn < 2 ) T T

2

= wf(uk,l) + HTH

w(uin) > we(ugy). (15)

So, it has been proven that wy(u; 1) # wy(uy1) fori # kand 1 < i,k < m.
2. It will be shown that wy(u; 1) # W(Umt11) for 1 <i < m.
For 1 < ¢ < m, we have Inequality (16),

we(uiy) <

7

2

2

2

_n(m+1)+1_

_n(m+1)+1_

_n(m+1)+1_

+n

+n("
+n<"

n(mz—l)) + ”2+in_1 for n is odd and m is odd;

(m—1)+1
2

2 . .
) + & +i"+1 for n is odd and m is even;

(m-1)
2

> + "224” for n is even.
(16)
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On the other hand, since m > 2, we have Inequality (17),

(

2 m +n (””;rl) + "2+Z”+1 for n is odd and m is odd;

We(Umi11) > 2 w +n (2 + % for n is odd and m is even;

B 1 1_ 2 .
9 n(m+2 )+ +n (%) 4 notdn Z‘ln for n is even.
\

(17)
From Inequality (16) and (17), we have

Wi (Umy1,1) > wp(ui1) (18)

forevery 1 < < m.
3. It will be shown that w(u; ;) # ws(uy) fori # korj # 1,1 < ik < m+ 1 and
2<5,l<n+1.
(@) Fori > kand j =1,
wy(ui ;)

vl
=8
ESIESKS
|
=
+

<

(b) Fori > kand j > I,

wy(uij) = n(i—1)+]
> n(k—1)4
> n(k—1)+1
= wy(ury)

So, we have wy(u; ;) > wy(ug,) fori > kand j > [.
(c) Fori > kand j <,
n(i—1)+j
n((k+1)—1)+j
n(k—1)+n+j.

wy(u; )

vl

Since j > 2,
nk—1)+n+j > nlk—1)+n+2.

Sincen +1 >,

nk—1)+n+2 > nk—-1)+1+1
> nk—1)+1
= wf(uk’l).

So, we have wy(u; ;) > wy(ug,) fori > kand j < [.
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So, it has been proven that wy(u; ;) # wy(uy,) forevery i # korj # lforl <i k <m+1
and2 < 7,0l <n+1.

4. Tt will be shown that w(u; 1) # wyp(ugy) for1 <ik<m+1land2 <[ <n+1.
Since k <m +1and! < n + 1, we have

n(k—1)+1
n((m+1)—1)+(n+1)
n(m+1)+1

9 n(m«;l)Jrl

n(m+1)+1
2 | nmgtie

wy(ug,)

A

IN

So,for1 <k <m+1land2 <[ <n+ 1, we have Inequality (19),

nim+1)+1
On the other hand, for 1 < 7 < m, we have
( r 7 .
2 w +n ("(’;1)> + "2+in_1 for n is odd and 7 is odd:;
wr(u;1) = 2 _%I)H_ +n (n(i_;)“) + 4205 for iy s odd and i is even;
2 w +n ("(i;1)> + ”21‘4” for n is even.
\

Since 7 > 1, we have

9 _n(m+1)+1_ + n?+4n—1

5 +— fornis odd and i is odd;

wp(ug) > 2 %I)H +n (3) + ZE22%L for s odd and i is even;

9 [n(m+1)+1]

2 .
5 + 1‘4” for n is even.

\

N 2 _ 2 2 . .
Since n > 1, then % >1,n (%) —1—% > 1, and % > 1. So, we have inequality

as follows. ( Dt
nim+1)+
we(u; 1) > 2 {#-‘ )

From Inequality (19), (20), and (18), we have wy(uy;) < wy(u;1) < wi(tumyr1) forl <i <m,
1<k<m+1l,and2 <[ <n-+1.
From the three points above, there are no two vertices with the same weight. So, f is a vertex

(20)

irregular total [w-‘ -labeling of S,, >, S,. So, we have inequality

21

105(Sp B S) < [MW |

2
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From Inequality (13) and (21), we have Equation (22),

(22)

tvs(Sy >0 Sp) = {Mw )

2
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