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Abstract

The Parikh matrix mapping was initiated in 2001 by Mateescu, Salomaa, Salomaa, and Yu as a
canonical extension of the well established Parikh mapping. The so called injectivity problem
in this area, even when restricted to ternary words, has withstanded numerous attempts over two
decades by multiple researchers, including Şerbǎnuţǎ. Certain M-ambiguous words are crucial in
Şerbǎnuţǎ’s findings about the number of M-unambiguous prints. We will show that these words
are in fact strongly M-ambiguous, thus suggesting a possible extension of the results of Şerbǎnuţǎ
to the context of the newly introduced strong version of M-equivalence. In addition, initial results
pertaining to some conjecture by Şerbǎnuţǎ will be presented.
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1. Introduction

The well-known Parikh Theorem [7] says that the set of Parikh vectors corresponding to all
words of a language is a semilinear set, provided the language is regular. The Parikh matrix [6] of
a word arithmetizes more structural information of the word compared to the Parikh vector of the
word, the latter which appears as the diagonal above the main diagonal of the Parikh matrix. Parikh
matrices are useful tools in studying subword occurrences and the theory of formal languages. The
problem of characterizing when two distinct words are having a common Parikh matrix relates to
the degree of non-injectivity of the Parikh matrix mapping, thus known as the injectivity problem.
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This problem has thus far defied a satisfactory solution, even for the ternary alphabet, despite
significant interest on it [1, 2, 3, 4, 5, 8, 9, 10, 11, 13, 14, 15, 16].

A word is M-unambiguous iff it is uniquely associated to its Parikh matrix. Şerbǎnuţǎ [10]
showed that over any given ordered alphabet, there exist only finitely many words that are
M-unambiguous and being prints, meaning consecutive letters are distinct. This result would be a
remarkable advancement towards the injectivity problem if an earlier conjecture [11] by Şerbǎnuţǎ
is true, which says that if a word is M-unambiguous, then so is its print. In this work, we will show
that the so called n-ambiguous words (see Definition 2.2) that play essential roles in [10] turn out
to be strongly M-ambiguous, where the strong version of M-equivalence was proposed in [12] to
get rid of the dependence on the ordering of the alphabet. Also, we will present our initial findings
pertaining to Serbǎnuţǎ’s conjecture.

Throughout this work, Σ denotes a finite alphabet. The set of all words over Σ is denoted by
Σ∗, which includes the empty word λ. Together with some total ordering on the alphabet Σ, it is
then called an ordered alphabet. For convenience, if Σ = {a1, a2, . . . , as} and a1 < a2 < · · · < as,
then we may write Σ = {a1 < a2 < · · · < as}. When it is without confusion, we will let Σ to
stand for both an ordered alphabet and the correspondinng underlying alphabet. For v, w ∈ Σ∗, the
concatenation of v and w is denoted by juxaposition vw while |w| denotes the length of w.

A word v is said to be a (scattered) subword of w ∈ Σ∗ iff there exist x1, x2, . . . , xn ∈ Σ∗

and y0, y1, . . . , yn ∈ Σ∗, possibly empty, such that v = x1x2 · · ·xn and w = y0x1y1 · · · yn−1xnyn.
We say that v is a factor of w if the letters in v occur contiguously in w. Two occurrences of v
are considered distinct iff at least some letter in v differs in position in the occurrences. Let |w|v
denote the number of distinct occurrences of v as a subword of w. For example, |aabbab|ab = 7
and |baacbc|abc = 2. By standard convention, |w|λ = 1 for every w ∈ Σ∗.

Let N be the set of nonnegative integers. For any positive integer k ≥ 2, let the multiplicative
monoid consisting of k × k upper triangular matrices with unit diagonal and nonnegative integral
entries be denoted byMk.

Definition 1.1. Let Σ = {a1 < a2 < · · · < as} be an ordered alphabet. The Parikh matrix
mapping, denoted by ΨΣ, is the monoid morphism ΨΣ : Σ∗ →Ms+1 defined as follows: ΨΣ(λ) =
Is+1; for each 1 ≤ q ≤ s, say ΨΣ(aq) = (mi,j)1≤i,j≤s+1, then mq,q+1 = 1, mi,i = 1 for every
1 ≤ i ≤ s+ 1, and the rest of the entries are zero. The images of ΨΣ are called Parikh matrices.

Theorem 1.1. [6] Let Σ = {a1 < a2 < · · · < as} be an ordered alphabet and suppose w ∈ Σ∗.
The entries of the Parikh matrix ΨΣ(w) = (mi,j)1≤i,j≤s+1 have the following properties:

• mi,i = 1 whenever 1 ≤ i ≤ s+ 1;

• mi,j = 0 whenever 1 ≤ j < i ≤ s+ 1;

• mi,j = |w|aiai+1···aj−1
whenever 1 ≤ i < j ≤ s+ 1.
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Example 1. Let Σ = {a < b < c} and consider w = bcabac. Then

ΨΣ(w) = ΨΣ(b)ΨΣ(c)ΨΣ(a)ΨΣ(b)ΨΣ(a)ΨΣ(c)

=


1 0 0 0
0 1 1 0
0 0 1 0
0 0 0 1

 · · ·


1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 1

 =


1 2 1 1
0 1 2 3
0 0 1 2
0 0 0 1

 =


1 |w|a |w|ab |w|abc
0 1 |w|b |w|bc
0 0 1 |w|c
0 0 0 1

 .

Definition 1.2. Let Σ be an ordered alphabet and suppose v, w ∈ Σ∗. If ΨΣ(v) = ΨΣ(w), then we
say that v and w are M-equivalent and we denote this by v ≡M w. If w is M-equivalent to another
distinct word, then we say that w is M-ambiguous. Otherwise, we say that w is M-unambiguous.

We now state two elementary rules that govern M-equivalence. Let Σ = {a1 < a2 < · · · < as}
and suppose w,w′ ∈ Σ∗.

E1. If w = xakaly and w′ = xalaky for some words x, y ∈ Σ∗ with |k − l| ≥ 2, then w ≡M w′.

E2. If w = xakak+1yak+1akz and w′ = xak+1akyakak+1z for some 1 ≤ k ≤ s − 1 and some
words x, z ∈ Σ∗ and y ∈ (Σ\{ak−1, ak+2})∗, then w ≡M w′.

Definition 1.3. Let Σ be an ordered alphabet and suppose w,w′ ∈ Σ∗. We say that w′ is ME-
equivalent tow iffw′ can be obtained fromw by applying RuleE1 and RuleE2 finitely many times.
A word w ∈ Σ∗ is ME-ambiguous iff there is a distinct word ME-equivalent to w. Otherwise,
we say that w is ME-unambiguous. An M-ambiguous word w ∈ Σ∗ is said to be properly M-
ambiguous iff w is ME-unambiguous.

As opposed to M-equivalence, the following version of M-equivalence is defined for any al-
phabet because it is independent from the ordering of the alphabet.

Definition 1.4. Suppose Σ is an alphabet. We say that two words w,w′ ∈ Σ∗ are strongly
M-equivalent iff w and w′ are M -equivalent with respect to any ordering on the underlying alpha-
bet Σ. A word w ∈ Σ∗ is strongly M-ambiguous iff there is a distinct word strongly M-equivalent
to w. Otherwise, w is said to be strongly M-unambiguous.

The following theorem that characterizes strong M-equivalence is immediate by Theorem 1.1.

Theorem 1.2. [12] Let Σ be an alphabet and suppose w,w′ ∈ Σ∗. Then w and w′ are strongly
M-equivalent if and only if |w|u = |w′|u whenever u ∈ Σ∗ satisfying |u|a ≤ 1 for all a ∈ Σ.

2. Strong M-ambiguity of n-ambiguous Words

Definition 2.1. Let Σ be an alphabet and w ∈ Σ∗. If w = bn1
1 b

n2
2 · · · b

nl
l where bi ∈ Σ and ni > 0

for every 1 ≤ i ≤ l, and additionally bi+1 6= bi for every 1 ≤ i < l, then the print of w is b1b2 · · · bl.
We denote the print of w by pr(w). If pr(w) = w, then we say that w is a print.

Şerbǎnuţǎ’s Conjecture. [11] Let Σ be an ordered alphabet andw ∈ Σ∗. Ifw isM-unambiguous,
then the print of w is also M-unambiguous.
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Şerbǎnuţǎ’s conjecture is valid for the binary alphabet and the ternary alphabet. The later is
verifiable through a list ofM-unambiguous words over the ternary alphabet1 obtained by Şerbǎnuţǎ
in [11]. The validity of Şerbǎnuţǎ’s Conjecture is desirable in view of the next theorem.

Theorem 2.1. [10] Over any ordered alphabet, the number of M-unambiguous prints is finite.

The main idea of the proof of Theorem 2.1 is that if a print w ∈ Σ∗ is sufficiently long, then
either w is trivially M-ambiguous or w contains a certain (|Σ| − 1)-ambiguous word as a factor.
Our instinct that a (|Σ| − 1)-ambiguous word is not only M-ambiguous as already shown in [10]
but is actually strongly M-ambiguous turns out to be right (see Theorem 2.3).

Definition 2.2. Let Σ be an alphabet with |Σ| ≥ 2 and w ∈ Σ∗.

• w is said to be 0-ambiguous iff w0 = bab for some letters a, b ∈ Σ with a 6= b.2

• For each positive integer n, we say w is n-ambiguous iff w = w′′w′w′′ for some w′, w′′ ∈ Σ∗

such that w′′ is (n− 1)-ambiguous.

Theorem 2.2. Suppose Σ is an alphabet with |Σ| ≥ 2 and a, b are distinct letters in Σ. Suppose
y0, y1, y2, . . . are words over Σ. Let v0 = bba, v′0 = abb, and w0 = bab. Recursively, define
vn+1 = vnynv

′
n, v′n+1 = v′nynvn and wn+1 = wnynwn. Then the following assertions hold.

1. For each n ∈ N, it holds that |vn|u + |v′n|u = 2|wn|u whenever u ∈ Σ∗ satisfying |u|x ≤ 1
for every x ∈ Σ.

2. For each n ∈ N, it holds that |vn|u = |v′n|u = |wn|u whenever u ∈ Σ∗ satisfying |u| ≤ n+ 1
and |u|x ≤ 1 for every x ∈ Σ.

Proof. (Part 1) First, it can be shown by induction that πΣ\{a}(vn) = πΣ\{a}(v
′
n) = πΣ\{a}(wn) for

every n ∈ N. Hence, it follows that |vn|u = |v′n|u = |wn|u for every u ∈ (Σ\{a})∗ and n ∈ N.
This simple fact will be used a few times in this proof.

We proceed by induction on n. For the base step, |v0|u + |v′0|u = 2|w0|u can be verified for
u ∈ {λ, a, b, ab, ba}. For the other u, both sides are clearly zero. Hence, we complete the base
step.

Now, for the induction step, let u ∈ Σ∗ such that |u|x ≤ 1 for all x ∈ Σ. If u ∈ (Σ\{a})∗, then

1The M-unambiguous words ambabncbp, bmabncbcp, bmcbnabap, and cmbcbnabp for m,n, p > 0 are mistakenly
omitted from the final list but accounted for in the proof.

2The original definition of 0-ambiguity by Serbǎnuţǎ stipulates that Σ is ordered and a, b are the first two letters in
Σ.
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by our simple fact we are done. Suppose |u|a = 1. Hence,

|vn+1|u + |v′n+1|u
=

∑
u1,u2,u3∈Σ∗
u1u2u3=u

|vn|u1|yn|u2|v′n|u3 +
∑

u1,u2,u3∈Σ∗
u1u2u3=u

|v′n|u1|yn|u2|vn|u3

=
∑

u1,u2,u3∈Σ∗
u1u2u3=u
|u1|a=1

|vn|u1|yn|u2|v′n|u3 +
∑

u1,u2,u3∈Σ∗
u1u2u3=u
|u2|a=1

|vn|u1|yn|u2|v′n|u3 +
∑

u1,u2,u3∈Σ∗
u1u2u3=u
|u3|a=1

|vn|u1 |yn|u2 |v′n|u3

+
∑

u1,u2,u3∈Σ∗
u1u2u3=u
|u1|a=1

|v′n|u1|yn|u2|vn|u3 +
∑

u1,u2,u3∈Σ∗
u1u2u3=u
|u2|a=1

|v′n|u1|yn|u2|vn|u3 +
∑

u1,u2,u3∈Σ∗
u1u2u3=u
|u3|a=1

|v′n|u1|yn|u2|vn|u3

Now, we have the following sequence of equalities, where the first equality is due to our simple
fact and the third equality is by the induction hypothesis:∑

u1,u2,u3∈Σ∗
u1u2u3=u
|u1|a=1

|vn|u1|yn|u2|v′n|u3 +
∑

u1,u2,u3∈Σ∗
u1u2u3=u
|u1|a=1

|v′n|u1|yn|u2|vn|u3

=
∑

u1,u2,u3∈Σ∗
u1u2u3=u
|u1|a=1

|vn|u1|yn|u2|wn|u3 +
∑

u1,u2,u3∈Σ∗
u1u2u3=u
|u1|a=1

|v′n|u1|yn|u2|wn|u3

=
∑

u1,u2,u3∈Σ∗
u1u2u3=u
|u1|a=1

(|vn|u1 + |v′n|u1) |yn|u2|wn|u3 = 2
∑

u1,u2,u3∈Σ∗
u1u2u3=u
|u1|a=1

|wn|u1|yn|u2|wn|u3 .

Similarly, it can be shown that∑
u1,u2,u3∈Σ∗
u1u2u3=u
|u3|a=1

|vn|u1|yn|u2|v′n|u3 +
∑

u1,u2,u3∈Σ∗
u1u2u3=u
|u3|a=1

|v′n|u1|yn|u2|vn|u3 = 2
∑

u1,u2,u3∈Σ∗
u1u2u3=u
|u3|a=1

|wn|u1|yn|u2|w′n|u3 .

Furthermore, by our observation∑
u1,u2,u3∈Σ∗
u1u2u3=u
|u2|a=1

|vn|u1|yn|u2|v′n|u3 +
∑

u1,u2,u3∈Σ∗
u1u2u3=u
|u2|a=1

|v′n|u1|yn|u2|vn|u3 = 2
∑

u1,u2,u3∈Σ∗
u1u2u3=u
|u2|a=1

|wn|u1|yn|u2|wn|u3 .

Therefore, |vn+1|u + |v′n+1|u = 2
∑

u1,u2,u3∈Σ∗
u1u2u3=u

|wn|u1|yn|u2|wn|u3 = 2|wn+1|u.

(Part 2) Again we proceed by induction on n. We omit the base step as it is trivial. Suppose
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u ∈ Σ∗, |u| ≤ n+ 2, and |u|x ≤ 1 for all x ∈ Σ for the induction step. Then

|wn+1|u = |wn|u + |yn|u + |wn|u +
∑

u1,u2,u3∈Σ∗

u1 6=u,u2 6=u,u3 6=u
u1u2u3=u

|wn|u1|yn|u2|wn|u3

= |vn|u + |yn|u + |v′n|u +
∑

u1,u2,u3∈Σ∗

u1 6=u,u2 6=u,u3 6=u
u1u2u3=u

|vn|u1|yn|u2|v′n|u3 = |vn+1|u.

Using our induction hypothesis, it follows that the two last summations equal each other because
|u1| ≤ n + 1 and |u3| ≤ n + 1. Meanwhile, 2|wn|u = |vn|u + |v′n|u by Part 1. We can show
similarly that |wn+1|u = |v′n+1|u.

Theorem 2.3. Let Σ be an alphabet with |Σ| ≥ 2 and supposew ∈ Σ∗. Ifw is (|Σ|−1)-ambiguous,
then w is strongly M-ambiguous.

Proof. Say that |Σ| = N . Since w is (N − 1)-ambiguous, there exists w0, w1, . . . , wN−1 ∈ Σ∗ and
y0, y1, . . . , yN−2 ∈ Σ∗ such that w0 = bab for some distinct a, b ∈ Σ, wn+1 = wnynwn for each
0 ≤ n ≤ N − 2 and wN−1 = w. Let v0 = bba, v′0 = abb, vn+1 = vnynv

′
n, and v′n+1 = v′nynvn

for each 0 ≤ n ≤ N − 2. By Theorem 2.2, |vN−1|u = |wN−1|u whenever u ∈ Σ∗ satisfying
|u|x ≤ 1 for every x ∈ Σ and |u| ≤ N . It follows that vN−1 and wN−1 are strongly M-equivalent
by Theorem 1.2. Furthermore, the words vN−1 and wN−1 are clearly distinct. Therefore, we have
shown that w = wN−1 is a strongly M-ambiguous word.

Example 2. The 2-ambiguous word babcbabcbabcbab is strongly M-ambiguous over the ternary
alphabet {a, b, c}.

Because of Theorem 2.3, we find it interesting and not surprising if Şerbǎnuţǎ’s work in [10]
can be extended to the context of strong M-equivalence. Precisely, we conjecture that in fact over
any alphabet there are finitely many strongly M-unambiguous words that are prints. However,
one cannot simply reproduce the proof of Theorem 2.1. The word abcabcabcabcabcabc is strongly
M-equivalent to cabababcabccabccab and thus strongly M-ambiguous but does not contain a 2-
ambiguous word as a factor. This conjecture will be addressed by our forthcoming contribution.

3. Various Results about Şerbǎnuţǎ’s Conjecture

First of all, assuming Şerbǎnuţǎ’s Conjecture, we show that M-unambiguous words are sparse.

Theorem 3.1. Let Σ be an ordered alphabet. Assume Şerbǎnuţǎ’s Conjecture holds. Then

lim
n→∞

∣∣{w ∈ Σ∗ | |w| ≤ n and w is M-unambiguous }
∣∣∣∣{w ∈ Σ∗ | |w| ≤ n }

∣∣ = 0.

Proof. Suppose Σ = {a1 < a2 < · · · < as}. Let L consist of all M-unambiguous words over Σ,
and letLpr consist of allM-unambiguous prints over Σ. By Theorem 2.1,Lpr is finite and thus there
is an upper bound on the length of words in Lpr, say N . Suppose n is a (sufficiently large) positive
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integer. Clearly, there are sn many words over Σ of length n. Hence,
∣∣{w ∈ Σ∗ : |w| ≤ n }

∣∣ ≥ sn.
Suppose at1at2 · · · atl ∈ Lpr and w = an1

t1 a
n2
t2 · · · a

nl
tl

for some ni > 0 (1 ≤ i ≤ l). Note that w is
uniquely determined by (n1, n1 +n2, . . . , n1 +n2 + · · ·nl). Since the number of strictly increasing
l-tuple of positive integers with the last and largest entry at most n is

(
n
l

)
, it follows that there are

at most
(
n
l

)
words of length at most n with the same given print of length l. Because l ≤ N , if n is

sufficiently large, then
(
n
l

)
≤
(
n
N

)
. Hence, for each v ∈ Lpr, there are at most

(
n
N

)
M-unambiguous

w of length at most n such that pr(w) = v. Therefore, assuming Şerbǎnuţǎ’s Conjecture,
∣∣{w ∈

L : |w| ≤ n }
∣∣ ≤ |Lpr| (nN) ≤ |Lpr|nN . Hence, lim

n→∞

∣∣{w∈L : |w|≤n }
∣∣∣∣{w∈Σ∗ : |w|≤n }
∣∣ ≤ lim

n→∞
|Lpr|nN

sn
= 0.

Let Σ = {a < b}. It is a standard fact that a word w ∈ Σ∗ is M-ambiguous if and only if the
words ab and ba occur in w as factors in non-overlapping positions [1, 4]. Using this, it can be
shown that there is a total of 6n− 10 M-unambiguous words over Σ of length n, provided n ≥ 4.
It is conceivable that the conclusion of Theorem 3.1 holds regardless of the validity of Şerbǎnuţǎ’s
Conjecture. However, this is left as an open problem.

Definition 3.1. Suppose Σ is an ordered alphabet and let w ∈ Σ∗ be a print. We say that w is a
uniformly M-ambiguous print iff w′ is M-ambiguous whenever w′ ∈ Σ∗ and pr(w′) = w.

Equivalently, Şerbǎnuţǎ’s conjecture amounts to saying that over any ordered alphabet, every
M-ambiguous print is uniformlyM-ambiguous. However, if a print isME-ambiguous, then it must
be uniformly M-ambiguous by the next theorem.

Theorem 3.2. Let Σ be an ordered alphabet and suppose w ∈ Σ∗. If the print of w is ME-ambi-
guous, then w is ME-ambiguous.

Proof. There exists w0, w1, . . . , wn ∈ Σ∗ satisfying w0 = pr(w), wn = w, and for each 0 ≤ i ≤
n − 1, we have wi = uav and wi+1 = uaav for some a ∈ Σ and u, v ∈ Σ∗. Hence, it suffices
to prove that if uav is ME-ambiguous, then uaav is ME-ambiguous for a ∈ Σ and u, v ∈ Σ∗.
Suppose uav is ME-ambiguous. Then Rule E1 or Rule E2 can be applied on uav. It is easy to
check case by case that if one such rule can be applied on uav, then the same rule can be applied on
uaav accordingly. (Duplicating the letter a does not affect the applicability of RuleE2.) Therefore,
uaav is ME-ambiguous.

The following shows that the analogousM-unambiguity version of Definition 3.1 is completely
understood.

Theorem 3.3. Let Σ = {a1 < a2 < · · · < as} be any ordered alphabet and suppose λ 6= w ∈ Σ∗

is a print. The following are equivalent.

1. Every word w′ such that pr(w′) = w is M-unambiguous.
2. w is either aiai+1 · · · aj or ajaj−1 · · · ai for some 1 ≤ i ≤ j ≤ s.

Proof. (1 ⇒ 2) Because w is M-unambiguous, consecutive letters in w must be adjacent in Σ.
Hence, the conclusion holds easily if w has length at most two. Assume |w| ≥ 3. If xyx is a
factor of w where the letters x and y are adjacent in Σ, then because xyyx is M-equivalent to

7
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yxxy, it follows that w is not uniformly M-unambiguous. Hence, w must be either aiai+1 · · · aj or
ajaj−1 · · · ai for some 1 ≤ i ≤ j ≤ s.

(2 ⇒ 1) Suppose w′ = ani
i a

ni+1

i+1 · · · a
nj

j for some 1 ≤ i ≤ j ≤ s and nk > 0 (i ≤ k ≤ j)
and w′′ ≡M w′. For each i ≤ k ≤ j − 1, the M-unambiguity of ank

k a
nk+1

k+1 over {ak < ak+1}
implies that the projection of w′′ into {ak, ak+1}∗ is ank

k a
nk+1

k+1 . It follows that w′′ = w′ and thus w′

is M-unambiguous.

Due to Theorem 3.2, if w is a counterexample to Şerbǎnuţǎ’s conjecture, then pr(w) is a
properly M-ambiguous print. We discovered that there are exactly four properly M-ambiguous
prints over {a < b < c} with the shortest possible length: ababcbabcb, cbcbabcbab, bcbabcbaba,
and babcbabcbc. However, abbcbabcb, babcbabbc, bcbabcbba, and cbbabcbab are shorter properly
M-ambiguous words.
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