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Abstract

The concept of distance vertex irregular labeling of graphs was introduced by Slamin in 2017.
The distance vertex irregular labeling on a graph G with v vertices is defined as an assignment
f:V —{1,2,--- , k} so that the weights calculated at vertices are distinct. The weight of a vertex
x in G is defined as the sum of the labels of all the vertices adjacent to x (distance 1 from x). The
distance vertex irregularity strength of graph G, denoted by dis(G), is defined as the minimum
value of the largest label £ over all such irregular assignments. Bong, Lin and Slamin general-
ized the concept to inclusive and non-inclusive distance vertex irregular labeling. The difference
between them depends on the way to calculate the weight on the vertex whether the vertex label
we calculate its weight is included or not. The inclusive distance vertex irregularity strength of G,
denoted by C/h\S(G ) is defined as the minimum of the largest label & over all such inclusive irregular
assignments. In this paper, we determine the inclusive distance vertex irregularity strength of the
book graph.
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1. Introduction

Let G(V, E) be a simple, finite and undirected graph with 1 vertices and E edges. Irregular
labeling is a given label or mapping set of number (usually positive integers), not necessarily
distinct, such that the weight of each vertex graph G is different. In 2014, Slamin introduced the
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concept of the distance irregular labeling of a graph. The distance from a vertex u to a vertex v in
the graph G is defined to be the length of the shortest path between vertices v and v. If vertices
u and v are adjacent, then the distance between u and v is 1. The distance irregular labeling of a
graph G is a mapping [ : V(G) — {1,2,3,--- ,k} such that the weights calculated at vertices
are distinct. The weight of the vertex x, denoted by w(x), is the sum of the labels of all vertices
adjacent to vertex z, that is,
w(z) =Y fy)
yEN ()

where N (x) is the open neighborhood of z, i.e., the set of vertices adjacent to = in G. The minimum
k for which the graph G has the distance irregular labeling is called the distance vertex irregularity
strength of G and denoted by dis(G).

A labeling f of a graph G is called an inclusive irregular distance labeling, if there are no two
vertices having the same weight, where the weight of a vertex x is now calculated by summing all
the vertices in the close neighborhood of z, that is,

w(z) = f(x)+ Y fy)
yEN(z)

where N|[z] is the close neighborhood of z, i.e., the set of vertex z and all its adjacent vertices. The
minimum k for which the graph G has the inclusive distance vertex irregular labeling is called the
inclusive distance vertex irregularity strength of G and denoted by (/h\s(G) This variation of the
distance irregular labeling was introduced by Baca et al. [2].

The lower bound on the inclusive distance vertex irregularity strength given by Bong et al. [3]
as follows.

Lemma 1.1. Let G be a graph with minimum degree 6 and maximum degree A. Then

&) = (PG,

Susanto et al. [4] proposed the lower bound on the inclusive distance vertex irregularity
strength of a graph GG by considering the degrees of vertices in G in the following theorem.

Theorem 1.1. Let G be a graph with minimum degree § and maximum degree A. let n; be the
number of vertices of degree i in G for every § <1 < A

—~ 6 + Zi-_(; nj
. > J_
dis(G) > 521%}2{ [—2 1

1}

In this paper, we determine the inclusive distance vertex irregularity strength of a book graph.
The book graph, denoted by B,,, is defined as the graph obtained by Cartesian product of a star
S for m > 3 and a path on two nodes P. The vertex set of the book graph is

V(Bp) ={z1, 22} U{yi, 2,1 1 <i <m}
and the edge set of book graph is
E(By,) = {x1z2} U{21yi, w22i, vz 1 <0 <m}.
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2. Result

We start this section with the lower bound on the inclusive distance vertex irregularity strength
of the book graph B,,, for m > 3 as presented in the following corollary.

Corollary 2.1. If B,,, for m > 3, is the book graph, then

2m + 2

dis(Bn) > [—

V

|

Proof. Let B,, be abook graph for m > 3. Then the minimum degree of B,, 1s 2 and the maximum
degree of B,, is m. Furthermore, the number of vertices of degree 2 in 5,, is 2m, while the number
of vertices of degree m in B,, is 2. By Theorem 1.1, we have

— 2m 42, 2m+2 2m + 2 4
di >
— 2m + 2
Thus, we conclude that dis(G) > | 3 1. N

The following two lemmas present the properties of the inclusive distance vertex irregular
labeling for vertices in the book graph B5,,, for m > 3.

Lemma 2.1. Let B,, be a book graph for m > 3. If f is an inclusive distance vertex irregular
labeling of By, then f(x1) # f(x2), for x1, 19 € V(By,).

Proof. Let B,, be a book graph for m > 3. Then the vertex set of B,, is V(B,,) = {1, 22} U
{yi,zi - 1 < i < m}. Let f be an inclusive distance vertex irregular labeling of B,,. Then the
weight of vertices y; and z;, for 1 < i < m, are w(y;) = f(y:) + f(z) + f(z1) and w(z;) =
f(z) + f(yi) + f(x2), respectively. Since the weight of every vertex in B,, must be distinct, then
w(y:) # w(z). Consequently f(z1) # f(z2). 0

Lemma 2.2. Let B, be a book graph for m > 3. If [ is an inclusive distance vertex irregular
labeling of By, then f(y;) + f(z1) # [(y;) + f(2)), for yi, zi,yj, 25 € V(Bp) and 1 <1 # j < m.

Proof. Let B,, be a book graph for m > 3. Then the vertex set of B,, is V(B,,) = {1, 22} U
{yi,zi :+ 1 < i < m}. Let f be an inclusive distance vertex irregular labeling of B,,. Then
the weight of vertices y; and z;, for 1 < i #< m, are we(y;) = f(y:) + f(z:) + f(z1) and
we(y;) = f(y;) + f(2;) + f(x1), respectively. Since the weight of every vertex in B, must be
distinct, then w(y;) # w(y;). Consequently f(y;) + f(z:) # f(y;) + [(z5). ]

By the corollary and two lemmas above, we now present the main result of the paper in the
following theorem.

Theorem 2.1. If B,,, for m > 3, is the book graph, then the inclusive distance vertex irregularity
strength of B, is

[

I <dis(Bn) < ¢ ) ifm > 3

2m+ 2 -~ {m—l—l, ifm=3
3 < <
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Proof. Let B,, be a book graph for m > 3. They Corollary 2.1, we have the lower bound of the
inclusive distance vertex irregularity strength of B,,,,

2m + 2
3

dis(By) > [ ]

We now prove the upper bound of the inclusive distance vertex irregularity strength of B, for
m > 3. Let V(B,,) = {z1,22} U{y;, 2 : 1 < i < m} be the vertex set of B,,. There are two
cases to be considered, namely, for m = 3 and m > 3.

Case 1, for m = 3. Let f be a labeling of vertices in B,,, as defined in the following formula.

fla) =2
f(z2) =3
fly:) =1, forl <i<m,
flzi)=1i+1, forl<i<m.
The corresponding weights are:
wn) = flen) + fe) + 3 5y = D 4,
wlae) = fo2) + floa) + Y f(z1) = mim 23 s,

1

(2

r1)=2i+3, forl<i<m,

w(yi) = f(yi) + f(zi) + f(
+ f(z) + flzg) =2i+4, forl <i<m

w(z) = f(y) + f(2)
Thus, for m = 3, the labeling f gives the weight of vertices in B,, are {5,6,7,8,9,10,11, 14}.
This results in that dis(B,,) < m + 1.

Case 2, for m > 3. Let f be a labeling of vertices in B,,, as defined in the following formula.

m—1
N Al forl1<i<m-—2
f(yl)_{m—l, form—1<i<m

[%1, for1<i<m-—2
7, form—-1<i<m
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The corresponding weights are:

w(z) = f(z1) + faa) + Z:ZQ Fly)+>0  fly) = M +3m — 2, for even m
' fx1) + f(22) + Z::Q () + >0, fly) = (m73)(m741)+2(m71) + 3m — 2, for odd m
w(zs) = f(z1) + f(x2) + 2,@1_2) flz)+ >0, f(z) = w + 3m, for even m
a f(w) + f(z2) + ZEZL{Q) fz)+> 0 flz) = w + 3m, for odd m
w(yi) = fly) + f(z) + f(x) =i+ 2, forl <i<m—2
Yi) = fw)+ f(z) + f(z) =m+1, form—1<i<m
o Fw) + f(z) + flze) =m+, for1<i<m—2
w(z) = flyi)+ f(z) + f(zg) =2m =2+, form—1<i<m.

Thus, for m > 3, the labeling f gives the weight of vertices in B,,, are distinct. This results in that
dis(B,,) < m. We conclude that

2m + 2

m+1, ifm=3
( 3

m, ifm >3

1< @) < {

3. Conclusion

We have determined the lower and the upper bounds of the book graph B,,, for m > 3. We
conclude this paper with the following open problem.

Problem 1. Determine the exact value of the inclusive distance vertex irregularity strength of the
book graph B,,, for m > 3.
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