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Abstract

A rainbow geodesic is the shortest path between two vertices where all edges are colored differ-
ently. An edge coloring in which any pair of vertices with distance up to d, where d is a positive
integer that can be connected by a rainbow geodesic is called d-local strong rainbow coloring. The
d-local strong rainbow connection number, denoted by [src,(G), is the least number of colors used
in d-local strong rainbow coloring. Suppose that G and H are graphs of order m and n, respec-
tively. The corona product of G and H, G ® H, is defined as a graph obtained by taking a copy of
G and m copies of H, then connecting every vertex in the i-th copy of H to the i-th vertex of G.
In this paper, we will determine the [srcy(C,,, © C),) ford = 2 and d = 3.
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1. Introduction

Rainbow coloring was first introduced by Chartrand et al. in 2008. Let G be a nontrivial
connected graph with vertex set V' (G) and edge set £(G). Defined a coloring ¢ : E(G) —
{1,2,...,k}, k € N, where adjacent edges may be colored the same. A path which has no color
repetition is called rainbow path. If G contains a rainbow path for every pair of vertices of G
then G is called rainbow connected. The coloring c is called a rainbow coloring of G. The smallest
number of colors used to make G rainbow connected is called rainbow connection number, denoted
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by r¢(G). A rainbow geodesic is the shortest rainbow path between a pair of vertices. The graph
G 1is said to be strongly rainbow connected if every pair of vertices of GG has a rainbow geodesic.
The strong rainbow connection number of GG, denoted by src(G), is the smallest number of colors
used to make G strongly rainbow connected.

In 2022, Septyanto and Sugeng proposed a generalization of rainbow coloring, that is called
d-local rainbow coloring. In this coloring, they only consider a path with distance at most d. The
d-local rainbow coloring is an edge coloring in which every distinct vertices of G with distance
at most d is connected by a rainbow path. The smallest number of colors used in d-local rainbow
coloring is called d-local rainbow connection number and denoted by lrc,(G). Whereas, if every
distinct vertices of G with distance at most d is connected by a rainbow geodesic, then it is called
the d-local strong rainbow coloring. The smallest number of colors used in such coloring is called
d-local strong rainbow connection number, denoted by [srcy(G). In this paper, we determined the
lsrcg of C, ® C,, graph for d = 2 and d = 3.

2. Known Results

The following are the definition of several families of graphs.

Definition 2.1 (Chartrand, Lesniak, and Zhang, 2010). For n > 3, a cycle graph C,, is a graph of
order n and size n whose vertices can be labeled as vy, vs, ..., v, and whose edges are v,v,, and
viviﬂfori € {1, 2, = 1}

Definition 2.2 (Bondy and Murty, 1976). A wheel graph W, is a graph obtained from a cycle by
adding a new vertex and edges joining the new vertex to every vertex of the cycle. The new edges
are called the spokes of the wheel.

Definition 2.3 (Frucht and Harary, 1970). Let G and H be a graph with m and n vertices, respec-
tively. The corona G ® H is a graph obtained by taking one copy of G and m copies of H, and
then joining the i-th vertex of G to every vertex in the i-th copy of H by an edge.

The next theorems show the src and rc of several families of graphs.

Theorem 2.1 (Chartrand et al., 2008). Let GG be a nontrivial connected graph of size m then
(a) src(G) = 1if and only if G is a complete graph,
(b) rc(G) = 2 if and only if src(G) = 2,
(c) rc(G) = m if and only if G is a tree.

Theorem 2.2 (Chartrand et al., 2008). For each integer n > 4, rc(C,,) = sre(Cp,) = [n/2].

Theorem 2.3 (Chartrand et al., 2008). For n > 3, the strong rainbow connection number of the
wheel W, is src(W,,) = [n/3]

Theorem 2.4 (Maulani et al., 2020). Rainbow connection number of corona graph C,,, ® C,, is

(C ) 4, form=3,n2>3
re(Ch, ) =
[m/2] +3, form>3n>3
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The next theorem shows the value of rc,(C,,) which is different with r¢(C,,) in Theorem 2.2.

Theorem 2.5 (Septyanto and Sugeng, 2022). If n > 3 and d < n/2, then

lreg(Cr) = lsreqg(Cy) = “nT/Ldj W

3. Main Results

The graph C,, ® C,, consists of an inner cycle graph C,, and outer cycle subgraphs C°, i =
1,2,...,m. Let G = C,, ® C,,. The vertex set and edge set of G can be defined as follows:
V(G) = {v1,09, ..oy 0 } U{011, 012, ooy U1} U{V21, 029, s V2 } U oo U{Um1, Um2, ooy Umn b
E(G) = {v1v2, 0203, ..., Vyp—1Um, U U1 } U {01011, 0101 2, .., U101 5 } U {02021, Va2 9, ..., VoU2 n } U
U{Uml)m,l, UmUm,2, -+ Um’Umyn}U{Ulel,g, V1,201,3, -+ ULnULl}U{UQ’lfUQ’Q, V2,2V2.3, .-, /UQ’nUQJ}U
e U0 1V 25 Um 2V 3, ooy UmnnUm,1 -

The value of r¢(C,, ® C,,) is known as stated in Theorem 2.4. Thus, we have interest to find
the [srcy(C, © C),) that we present in the following two theorems for the cases d = 2 and d = 3.

Theorem 3.1. For m > 3 and n > 3, the d-local strong rainbow connection number of C,, ® C,,

ford =2is
[n/2], form =3,n € {3,4,5},
1 = >
sres(Cy & ) = [n/3] +1, form =3,n>6,
3, form > 3,n € {3,4,5},

[n/3] +2, form>3,n>6.

Proof. We will prove the [srcy of C,, ® C,, in four cases. Take any two vertices of C,, ® C,,.
Notice that if v;, ; € V(C™) and v;, , € V(C2), where i1,z € {1,2,...,m}, j, k € {1,2,...,n},
i1 # 12, then there will be a v;, j — v;, — v;, — v;, & path of length 3. Thus, we did not consider this
case.

Case 1: Form =3 andn € {3,4,5}

Defined the coloring ¢; : E(C5 ® C},) — {1, ..., [n/2]} as follows:
Fori € {1,2,3},

® Cl(Uva) = C1(U2?)3) = Cl(’U3U1) =1,
® Cl(UiU@j) =2, Wherej € {1,2, ...,n},

e forn = 3: 01(1}1"11)1"2> = C1 (/Ui’Q/UZ":g) = 01(1}1"31)1"1) = ]_,

1, 4 1,3
o forn =4: ¢;(v;jvijp1) =1 j € 11,3,
2, je{24},
1, je{l4},
e forn =5: Cl(vi,jvi,j+1) = 27 ] S {2, 5},
3, j=3.
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Figure 1 shows an example of the 2-local strong rainbow coloring of C's ® C; and it can be
seen that the [srcy(Cs © Cy) = 2.

Vi3

Vss+ 5 2 Vi1

1
1 1
2 2
e ol
V33 5 V31 oy 2 Vaz
2 1 L 2
V32 V23

Figure 1. 2-local strong rainbow coloring illustration of C3 ® Cy

* Subcase 1.1 If vy, € V(Cg),’l]i2 S V(Cg), il, 19 € {1, 2, 3}, 11 7£ 19

We knew that C'5 = K3 and based on Theorem 2.1, one color is enough to color the edges of
Cs.

e Subcase 1.2 vah € V(Cg),vi%j c V(Cff);il,ig S {1,2,3},] S {1,2, ...,n},i1 7é 19

We knew that the inner graph is a complete graph, so its vertices are adjacent to each other
and there is a path P : v;, — v, —v;, j, whichis a v;, —v;, ; geodesic for every j, of length 2.
A rainbow geodesic requires that the number of colors used be equal to its length. Because
v;,v;, € E(Cs), then the coloring refers to Subcase 1.1. For v;,v;, j, one additional color is
needed.

* Subcase 1.31If v, ; € V(C!),v;x € V(CL);i € {1,2,3}, 5,k € {1,2,...,n},j # k

Let v; be a vertex of Cj that is connected to every vertex of the outer cycle C. Note that
d(v; j,vix) < 2, so the path does not need to go through the vertex v;. Therefore, colors
that were already used for the edges of C's and connecting edges v;v; ; can be used for the
edges of C'. Forn € {4,5}, the coloring refers to the 2-local strong rainbow coloring of

n

cycle graph. Based on Theorem 2.5, for n > 4, lsrcy(C),) = (W] Hence, for n € {4,5},
Isrea(Cr) = [n/2].

Thus, it is proved that the [srce(Cy © C,,) = [n/2] forn € {3,4,5}.
Case2: Form =3andn > 6

Defined the coloring 5 : E(C5 ® C,,) — {1,2, ..., [n/3] + 1} as follows:

Fori € {1,2,3},
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® 02(U1U2) = 02(U2U3) = 02(031)1) =1,

* co(vv;j) =p+2,where j € {3p+1,3p+2,3p+3},0<p<[n/3] -1,

2, 1if jis odd,

3, if j is even,

where j € {1,2,...,n — 1},

ca(Vijvi 1) = {

( ) 2, ifniseven,
® C2\UinVi1) = cr
2 T 3, ifnisodd.

Consider the outer cycle subgraphs as wheel subgraphs with v; as its vertex center, where
v; € {v1,v9,v3}. The 2-local strong rainbow coloring illustration of C5 ® C,, can be seen in Figure
2.

Vize 2 3 a5

2°N2 3//2

L i e

Figure 2. 2-local strong rainbow coloring illustration of C3 ® C,

* Subcase 2.1 If Vi € V(Og),UiQ S V(Cg), 7:1, 19 € {17 2, 3}, 11 7£ 19

The coloring refers to Subcase 1.1.

* Subcase 2.2If v, ; € V(C!), v € V(CL);i € {1,2,3}, 4,k € {1,2,...,n},j #k

The geodesic length of a wheel graph is 2. Hence, for a pair of vertices whose length is more
than 2, the path must go through its vertex center v;. Based on Theorem 2.3, then [n/3]
additional colors are needed to color the wheel. The colors used for the spokes of the wheel
need to be distinct from the color of edges that are incident with v;.

* Subcase 2.3 If v;, € V(Cg),’(}b,j S V(Cff);il,ig S {1,2,3},] S {1,2, ...,n},i1 7é 19

A path P : v, — v, — v, ;1S a v;; — v;, ; geodesic of length 2. For v;, v;,, because v;, v;, €
E(Cs), then the coloring refers to Case 2.1 and for v;,v;, j, the coloring refers to Subcase
2.2.
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Thus, it is proved that the lsrcy(Cy © Cy,) = [n/3] + 1 for n > 6.
Case 3: Form > 3andn € {3,4,5}

Defined the coloring c3 : E(C,, ® C,,) — {1,2,3} as follows:

Fori € {1,2,...,m},

1, if7is odd,

for m even: c3(v;viy1) = o
2, 1ifiiseven,

1, ifi=1andiiseven (i # 2),
for m odd: c3(v;v;41) =< 2, ifi=2andiisodd (i ¢ {1,3}),
3, ifi—3,

for m even: c3(v;v; ;) = 3, where ¢ € {1,2,...,m} and j € {1,2,...,n},

3, ifi1€{1,2,5,6,7,8,...,m},
, if7 =3, where j € {1,2,...,n},
ifi =4,

for m odd: c3(vv; ;) =< 1
2

for n = 3: ¢3(vi1vi2) = c3(Vigvi3) = c3(vigvi1) = 1,

1, g 1,3
forn = 4: Cg(Ui’jUi7j+1) = ’ j < { ’ }’
2, je{24}
1, je{l4},
for n = 5: CS(Ui,jUi,j—H) = 2, j S {2, 5},
3, j=3.

From the coloring c3 above, we got three colors. Now, we divided the proof into subcases.

Subcase 3.1 If Uiy S V(Om),UiQ € V(Om),ll,lg € {1, 2, ...,m},i1 7é ’ig

The coloring refer to the 2-local strong rainbow coloring of cycle graph. Based on Theorem
2.5, form > 4, lsrcy(Cy,) = 2 if m is even and lsrcy(C,p,) = 3 if m is odd. If m is even,
put color 1,21, ..., 2 consecutively on the edges of C,,. If m is odd, put color 1,2, 3 on the
first three edges of C,,, and color 1,2, 1, ..., 2 consecutively for the remaining edges.

Subcase 3.2 vah € V(C’m),vim S V(Cff),ll,lz S {1,2, ...,m},j S {1,27 ...,n},il 7£ 19

If v;, and v;, are adjacent then there is a path P : v;; — v;, — vy, ;, which is a v;, — v, ;
geodesic, of length 2. The coloring of v;, v;, refers to Subcase 3.1 since it is an edge of C,,,.
For v;,v;, ;, put distinct color from the colors of edges incident with v;,. If v;, and v;, are not
adjacent, then there is a path P’ : v;, — ... — v;, — v;, ; of length more than 2. Hence, we can
ignore a pair of vertices that are not adjacent.
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* Subcase 3.31If v, ; € V(C!),v;p € V(CL);i € {1,2,...,m}, j,k € {1,2,...,n},j # k

The coloring refers to Subcase 1.3.

Thus, it is proved that the lsrcy(C,, ® C,,) = 3 form > 3 and n € {3,4,5}. Figure 3 shows
an illustration of the 2-local strong rainbow coloring of C),, ® Cy4, where m is even, and it can be

seen that the [srcy(C, © Cy) = 3.
8V 3 Vaz
2

\ /

1 2 i vy 2
33 33
a ',;3 i 1 3
: sV Yz
/

2
Vzs
1
3 V2a

Uz
Vg3 V6.4 3, .
.71i / 2 ————+

Figure 3. 2-local strong rainbow coloring illustration of C,,, ® Cy

Cased4: Form >3andn > 6

Defined the coloring ¢4 : E(C,, ©® Cy,) — {1,2,...,[n/3] + 2} as follows:
Fori € {1,2,...,m},

* the coloring of v;v; 1 is the same as ¢3(v;v;11),

* for m even: ¢4(v;v; ;) =p+3where j € {3p+1,3p+2,3p+3},0<p<[n/3] -1,

e for m odd:

p+3, i€{1,2,5..m}jie{3p+1,3p+2,3p+3},0<p<[5]—1,
1, i=3andj € {1,2,3},

2, i=4andj € {1,2,3},

p+3, ie{3,4}, e {3p+1,3p+23p+3}1<p<[2] -1,

ca(vivi ) =

3, if j is odd,

o where j € {1,2,...,n — 1},
4, if j is even,

* for m even: ¢4(v; jv; j11) = {

30



Local Strong Rainbow Connection Number of Corona Product ... | K.N. Afifah and K.A. Sugeng

3, 1#3,4;70dd,
4, ic{1,2,...,m};jeven, .
e for m odd: ¢4(v; ;v j41) = Z { , m}; j even where j € {1,2,....n — 1}.
o 1, +=3;7 odd,
2, 1=4;7o0dd

Consider the outer cycle subgraphs as wheel subgraphs with v; as its center vertex, where
v; € {Ulv V2, ..., vm}-
e Subcase 4.1 If Vi, < V(Cm), Vi, S V(Cm), il,ig € {1, 2, ...,m}, il # iz
The coloring refers to Subcase 3.1.
* Subcase 4.2If v, ; € V(C!),v;p € V(CL);i € {1,2,...,m}, j,k € {1,2,...,n},j # k
The coloring refers to Subcase 2.2.
* Subcase 4.3 If Vi € V(Om), Vig,j € V(O;LQ), 11,79 € {1, 2,..., m},] S {1, 2, ...,n}, i1 # i

If v;, and v;, are adjacent, then there is a path P : v;, — v;, — v;, ; of length 2. The coloring
of v;, v;, refers to Subcase 4.1 and v;,v;, ; refers to Case 4.2. If v;, and v;, are not adjacent,
then there is a path P : v;, — ... — v;, — v;, ; of length more than 2. Hence, we can ignore
distinct vertices that are not adjacent.

Thus, it is proved that the [srcy(Cr, © Cp) = [n/3] 4+ 2 for m > 3 and n > 6. The 2-local
strong rainbow coloring of Cy ® C), is illustrated in Figure 4.

b

L4 V2.3
3 '\Kd TG
\ B

\ I
3\ 4 \s .
| \ b
V8 Ay 4 s .l
N \ M "1"--7/£./‘ 2
o\ N/ 53

et
Vs V34

Figure 4. 2-local strong rainbow coloring of Cy ® C,,
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Theorem 3.2. For m > 3 and n > 3, the d-local strong rainbow connection number of C,,, ® C,,

ford=3is

r3, m:3,n€{3,4’5}7
([n/3]-3)+1, m=3,n>6,
(2] +2, m e {4,5),n € {3,4,5),
24+ ([27-]2]), € {4,5).n > 6,

lsres(Ch @ Cy) = m(m (2—‘) m € {4,5},n
|G| +2 m > 6(m # 3z),n € {3,4,5},
6’ m= 31‘,% S {3747 5}7
[oiar | + (51 [iag ), m > 6 (meven) or 3lm,n > 6,
L ([n/3]-3) +3, m > 6,3+ m (modd),n > 6,

where x is an odd number larger than 1.

Proof. We will prove the [srcs of C,,, ©® C,, in eight cases. Take any pair of vertices of C,,, ® C,
with distance at most 3. For d = 3, we have to pay attention to geodesic whose length is 2 and 3.
For geodesic of length 2, the explanation may refer to Theorem 3.1.
Case 1: Form =3 andn € {3,4,5}

Defined the coloring ¢; : E(C5 ® C,,) — {1, 2,3} as follows:

Fori € {1,2,3}

d Cl(UlUQ) = 1,01(1)2’(13) = 2,61(1]31]1) = 3,

2, i=1,
o Cl<UiUi,j) = 3, 1= 2, Wherej S {1,2, ...,77,},
1, i=3,

forn = 3: Cl(vi,lvi,Z) = C (fUZ"QfUZ"B) = Cl(vi,?;vi,l) = 1,

1, je{L,3},
e forn = 4: ¢ (v; v; ; =
1(0igtista) {2, je{2.4},
1, je{l,4},
e forn = 5: Cl(vi,jvi,j+1) = 27 j S {2, 5},
3, 7=23.

Take a look at Figure 5 below. In this case, we can see that the greatest distance between any
two vertices is 3. So, 3 colors are enough to color the edges of the graph. For the edges of the
inner cycle C'3, we can put color 1, 2, 3, consecutively. Furthermore, it can be seen that the graph
C5 ® C, has three outer cycle subgraphs that are connected to each other and d(v;, j, vi, 1) = 3,
where i1,i5 € {1,2,3},j,k € {1,2,...,n},i; # iy. Therefore, each outer cycle subgraph need
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A 7 Vy2e 3
\ 2 1
1 1 1 2 2
2 \ / 2 P2 1 2 AVLs
1y 1o V)4
o Piy 32 /25 B o]
v 2
L
3 \ ) \\‘1 4 \ 1
v T, v, v, % v,
tgg 1 d 2 Laca 3 Va2 i_*i_ll,:' 2 3 3 vy vy
1 1 Val 1 1/

(a) (b) (©)

Figure 5. 3-local strong rainbow coloring of (a) C's ® C3, (b) C3 ® Cy, and (¢) C5 ® C}

to be colored differently. From Figure 5, it can be seen that the [srcs of C5 ® C3, C3 ® Cy, and
C3 @ Cs is 3. Thus, it is proved that the lsrc;(C5 © C,,) = 3 forn € {3,4,5}.
Case2: Form=3andn > 6

Defined the coloring ¢y : E(C5 ® Cy,) — {1,2,...,([n/3] - 3) + 1} as follows:

® Cl(U1@2) = 01(1}2?)3) = 01(U3U1) =1,

p+2, i=1je{3p+1,3p+2,3p+3}0<p<[2] -1,
* e(vivi) = a+1+p, i=25€{3¢+1,3¢+23¢+3},0<g< T3] -1,
rtltq, i=3€{3r+1L3r+23r+340<r<[5] -1

where p; = maz(p + 2) and ¢; = max(q + 1 + p1),

/

, 1 =1;7 odd,
, 1 =157 even,
, 1 =2;7o0dd,

o CQ(Ui,jUz',j+1) = Wherej € {].,2, ,n}

1 = 2; j even,
1 = 3; 7 odd,
1= 3; j even.,

e =L IR SAN U

\ "’

Consider the outer cycle subgraphs as wheel subgraphs with v; as its center vertex, where
v; € {v1,v2,v3}.

e Subcase 2.1 If Uiy < V(Cg),UiQ € V(Cg);il,ig € {1,2,3},i1 7é ig

We knew that C'; = K3 and based on Theorem 2.1, so the edges of C'3 only need one color.
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* Subcase 2.2If v, ; € V(C!),v;x € V(CL);i € {1,2,3}, 5,k € {1,2,...,n},j # k
Since the geodesic length of a wheel graph is 2, the coloring may refer to Subcase 2.2 on
Theorem 3.1.

* Subcase 2.3 If Viy,j € V(Cg), Vig ke € V(C;LQ), il, 19 € {1, 2, 3},j, ke {1, 2, cens n}, 11 7é 19

Based on Theorem 2.3, we knew that src(W,,) = [n/3]. Because the inner cycle is a graph
(3, then there are three wheel subgraphs that are connected to each other. Hence, [n/3] - 3
colors are needed.

e Subcase 2.4 vah € V(Cg),vi%]‘ S V(Cr?);l'l,ig S {1,2,3},] S {1,2, ...,n},il 7é 19

Note that for any v;, and v;, in Cs, the geodesic length of v;, — v;, — v;, ; path is 2. The
coloring of v;, v;, refers to Subcase 2.1 and v;,v;, ; refers to Subcase 2.3.

Thus, it is proved that the [src3(C3© C,) = ([5]-3)+1 forn > 6. The 3-local strong rainbow
coloring of C5 ® C,, n > 6 is illustrated in Figure 6.

Vize 2 E sl

FANY 3//2

VT T s

& N

Figure 6. 3-local strong rainbow coloring of C3 ® C),

Case 3: Form € {4,5} and n € {3,4,5}
Defined the coloring c3 : E(Cy, © Cy) — {1,2,..., [ 5] + 2} as follows:

* The coloring of v;v; is the same as c¢3(v;v;11) on Theorem 3.1,

3, i€{l,3}, ,
e form = 4: c3(vv; ;) = where j € {1,2,...,n},
s{oitsy) {4, e 2.y, e E }
3, i=1,
o form = 5: c3(viv; ;) = <4, i€ {24},
5, i€{3,5},
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where j € {1,2,...,n},
* the coloring of v; jv; ;41 is the same as ¢3(v; jv; j+1) on Theorem 3.1.

Figure 7 shows the 3-local strong rainbow coloring of Cs ©®C}. It can be seen that the [src3(Cs©
Cy) =5.

Figure 7. 3-local strong rainbow coloring of Cs ® Cy

e Subcase 3.1 If Uiy < V(Cm),'l)iz € V(Cm),Zl,ZQ € {1,2, ...,m},i1 7& iQ

Note that the v;, — v;, geodesic has a length of 2. Then, the coloring may refer to Subcase
3.1 on Theorem 3.1.

* Subcase 3.2 If v;, ; € V(C2), v, x € V(Ci2)541,00 € {1,2,...,m}, 5,k € {1,2,...,n}, i1 #
i2
If v;, and v;, are adjacent, the distance between v;, ; and v;, j, is 3. Hence, if v;, and v;, are
adjacent then the connecting edges v;,v;, ; and v;,v;, ,, cannot be given the same color. For
m = 4, we can put color 3,4, 3,4 consecutively on the edges v;v; ;. For m = 5, we can put
color 3 on vyvy; and 4, 5, 4, 5 consecutively on the remaining v;v; ;.

* Subcase 3.3 Ifv;, € V(Cm),UiQ’j S V(Cff);il,ig S {1,2, ...,m},j S {1,2, ...,n},il % i

If v;, and v;, are adjacent, then there is a path P : v;, — v;, — v;, ; of length 2 and if v;,
and v;, are not adjacent, then there is a path P : v;, — v; — v;, — v;, j, Whichis a v;, — v, ;
geodesic for every j, of length 3. The coloring of v;,v;, and v;, v;v;, refers to Subcase 3.1
while the coloring of v;,v;, ; refers to Subcase 3.2.

* Subcase 3.4 If v, ; € V(C!), v, € V(CL);i € {1,2,...,m}, j,k € {1,2,...,n},j # k

Note that the v; ; — v; ;, geodesic has a length of 2. Then, the coloring may refer to Subcase
1.3 on Theorem 3.1.
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Thus, it is proved that the lsrc3(Cr, © C,) = [5] +2form € {4,5} and n € {3,4,5}.
Case 4: Form € {4,5} andn > 6
Defined the coloring ¢4 : E(Cy, © Cy) — {1,2,...,2+ ([5] - [5])} as follows:

* The coloring of v;v;;1 is the same as ¢3(v;v;41) on Theorem 3.1,

e form = 4:
ey(vios,) = {p—i—?), i€ {13 € Bp+1.3p+23p+3L0<p < [5] -1
q+1+4p, 1€{2,4};7€{3¢+1,3¢+2,3¢+3},0<q<[3] -1,
where p; = maz(p + 3),
e form = 5:
p+3, i=1je{3p+1,3p+2,3p+3},0<p<[3] -1,

ca(vivig) = Qg+ 1+p, i€{2,4};j€{3¢+1,3¢+2,3¢+3},0<qg<[%] -1,

r4+14q, 1€{3,5} 7€ {3r+1,3r+23r+3}0<r<[3] -1,
where p; = maz(p + 3) and ¢; = max(q+ 1+ py),
(3, i€ {1,3};jodd,
4, i€ {1,3}; j even,
5, i€ {2,4};jodd,
6, i€ {2,4}; j even,

e form = 4: C4<Ui,jvi,j+1) = Wherej € {1, 2, ,n}

, 1 =1;70dd,
, 1 =1;7even,
, 1€42,4}; j odd,

3
4
) .
6. ic{2.4): ] even, where j € {1,2,...,n}.
7
8

e form = 5: C4<Ui,jvi,j+1) =

, i€ {3,5};7odd,
, 1€{3,5};jeven,

Consider the outer cycle subgraphs as wheel subgraphs with v; as its center vertex, where
v; € {v1, V9, ..., Uy }

e Subcase 4.1 If Vi € V(Cm), Vi, € V(Cm), 2'1, 19 € {1, 2, ceey m}, 1 7£ 19
The coloring refers to Subcase 3.1.

e Subcase 4.2 If v;; € V(C%), v € V(CL);i € {1,2,...,m}, 5,k € {1,2,...,n},j # k

Since the geodesic length of a wheel graph is 2, the coloring may refer to Subcase 2.2 on
Theorem 3.1.
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* Subcase 4.3 If v;, ; € V(C), v, 1 € V(C'2)541,00 € {1,2,...,m}, 5,k € {1,2,...,n},i; #
i2
For m = 4, because there are an even number of outer cycle subgraphs, then [n/3] - 2
additional colors are needed. For m = 5, because there are an odd number of outer cycle
subgraphs, then there will be one subgraph that cannot be given those new colors. Then, we
can put color 3 on the edges v,v; 1, V101 2, and v1v; 3, while the remaining v,v; ; are colored
with [n/3] — 1 additional colors.

* Subcase 4.4 If v;, € V(Cy,),vi,; € V(C2)i41,49 € {1,2,...,m}, j € {1,2,...,n},i1 # iz

The coloring may refer to Subcase 3.3 but in this case, the coloring of v;,v;, and v;, v;v;,
refers to Subcase 4.1 while the coloring of v;,v;, ; refers to Subcase 4.3.

Thus, it is proved that the lsrcs(C, © Cy) = 2+ ([5] - [5]) form € {4,5} and n > 6. The
3-local strong rainbow coloring of C'5s ® C,, is illustrated in Figure 8.

3

vl,SI. +V18

4/ [ \a

Viz { 3 4;"' }“1 5

Figure 8. 3-local strong rainbow coloring of Cs @ C),

Case 5: Form > 6 (m # 3x)and n € {3,4,5}
Defined the coloring ¢; : E(C,, ® C,,) — {1,2, ..., [%} + 2} as follows:

—_

, 1=1 (mod 3),
* For 3|m: ¢5(viviz1) = ¢ 2, i =2 (mod 3),
3, i=0 (mod 3),

, i=1andi=2 (mod 3),
i=2andi=0 (mod 3),
i=3andi=1 (mod 3),
i =4,

e form =1 (mod 3): ¢5(vivip1) =

1
2
3
4
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i€{1,5}andi =0 (mod 3),
i€{2,6}andi =1 (mod 3),
i€ {3,7}andi =2 (mod 3),

form =2 (mod 3): ¢5(vivi11) =

=~ W N =

, 1€ {4,8},
4, 1 odd
e for 6lm: c5(viv; ;) = { ’ Z,O " where j € {1,2,...,n},
5, ¢ even,
5, 7odd
o form = 8: c5(v;v; ;) = { ’ 2,0 " where j € {1,2,...,n},
6, even,
4, i=1,
» for other m: c5(v;v; ;) = < 5, i even, where j € {1,2,...,n},

6, iodd(i#£1),
* the coloring of v; jv; j11 is the same as c3(v; jv; j+1) on Theorem 3.1.

Let x be an odd number greater than 1. Thus, what it meant by 3x is 9, 15, 21 and so on. Figure
9 shows an example of 3-local strong rainbow coloring of C's ® C; and it can be seen from the
figure that the lsrc3(Cs © Cy) = 5.

Figure 9. 3-local strong rainbow coloring of Cs ® Cy

* Subcase 5.1If v;, € V(C,,,),v;, € V(Cp);t1,02 € {1,2,...,m}, 11 # iy

Because the graph is a cycle graph, the coloring refers to the 3-local strong rainbow col-
oring of cycle graph C,,. Based on Theorem 2.5, for m > 6, lsrcs(C,,) = 3 if 3|m and
Isres(Ch,) = 4 for other m.
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* Subcase 5.2 If v;, ; € V(C), v, 1 € V(C'2)541,00 € {1,2,...,m}, 5,k € {1,2,...,n},i; #
i2
We will only look at a pair of vertices that are adjacent since the distance between those
vertices is 3. If 6|m, we can put color 4,5, 4, ..., 5 consecutively on the connecting edges
Vi, Uiy ; and v;,v;, 5. If 6 f m, we can put color 4 on vyv; ; and the remaining v;v; ; are
colored with 2 additional colors. Specifically for m = 8, the connecting edges v;, v;, ; and
V;, Vi, 1 €an be colored with 5, 6, 5, ..., 6 consecutively.

* Subcase 5.3 vail S V(C’m),vim S V(C,,?),Zl,lg € {1,27 ...,m},j S {1,2, ...,n},il 7£ 19

If v;, and v;, are adjacent, then there is a path PP : v;;, — v;, — vy, ; of length 2. If v;, and v,
are not adjacent, then there is a pair of vertices with distance 3 < d(v;,,v;, ;) < [m/2] + 1.
Note that we will only pay attention to a geodesic of length 3. Notice that the path P’ :
Vi, — U — Vi, — V4, j 1S @ V;; — U;, ; geodesic of length 3. The coloring of v;, v;, and v;, v;v;,
refers to Subcase 5.1 while v;,v;, ; refers to Subcase 5.2.

* Subase 54 If v;; € V(C.), v, € V(CL) i € {1,2,...,m}, .k € {1,2,....,n},j # k
The coloring refers to Subcase 3.3 on Theorem 3.1.
Thus, it is proved that the lsrc3(C,, ©C,,) = (%1 +2form > 6 (m # 3z)andn € {3,4,5}.
Case 6: Form = 3x andn € {3,4,5}
Defined the coloring ¢s : E(C,, ©® C,,) — {1,2,...,6} as follows:
1, i=1 (mod 3),
® CG(Uz‘UH—l) = 2, 1=2 (mod 3),
3, i=0 (mod 3),

4 ifiis odd,
* cs(viv; ;) = 1 5, ifiiseven,
6, ©=m,

where j € {1,2,...,n},
* the coloring of v; jv; j11 is the same as ¢3(v; ;jv; j+1) on Theorem 3.1.
From the coloring c4 above, we got six colors. Now, we divided the proof into subcases.
* Subcase 6.11If v;, € V(C,,), v, € V(Cyp);in,i2 € {1,2,...,m}, i1 # iz

The coloring refers to Subcase 5.1.

* Subcase 6.2 If Vi g € V(Cfll), Vig ke € V(Cﬁf), 11, 19 € {1, 2, ey m},j, k e {1, 2, cees TL}, 11 7é
i
Since m = 3z, there are an odd number of outer cycle subgraphs. Therefore, three additional
colors are needed.
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e Subcase 6.3 vail € V(C’m),vm,j S V(C;Q),Zl,lg c {1,27 ...,m},j S {172, ...,n},il 7£ 19

The coloring may refer to Subcase 5.3 but in this case, the coloring of v;,v;, ; refers to
Subcase 6.2.

* Subcase 6.4 If v, ; € V(C!), v, € V(CL);i € {1,2,...,m}, j,k € {1,2,....,n},j # k

The coloring refers to Subcase 5.4.

Thus, it is proved that the [srcs(C,, © C,,) = 6 for m = 3z and n € {3,4,5}. The 3-local
strong rainbow coloring of C,,, ® Cs for m = 3z is illustrated in Figure 10 and it can be seen that
the lsres(Cr, © C3) = 6.

Figure 10. 3-local strong rainbow coloring of C,,, ® C5

Case 7: Form > 6 (meven) or 3|m and n > 6
Defined the coloring ¢7 : E(C,, ® C,,) — {1,2, ..., [%1 + (5]~ [ﬁ})} as follows:
Fori € {1,2,...,m},

¢ the coloring of v;v;,1 is the same as c5(v;v;41),

* for 6|m:

cr(vivis) = p+4, iodd;j € {3p+1,3p+2,3p+3},0<p<[2] -1,
7T\ViVi,j q+[§—|+4, z'even;je{3q+173q+273q+3}70§q§[%1_1’

» form =

cr(vvi;) = p+9, iodd;j € {3p+1,3p+2,3p+3},0<p<[5] -1,
7\ViV; q+[5]+5, ieven;j€{3¢+1,3¢+2,3¢+3},0<qg<[5] -1,
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o for 3|m (m odd):
p+4,
cr(viviy) = ¢+ 1+ p,
r—4 1 + q1,

iodd;j € {3p+1,3p+2,3p+3},0<p<[2] -1,
ieven;j € {3¢+1,3¢+2,3¢+3},0< ¢ < [5] -1,
iodd (i £ 1);j € {3r+1,3r +2,3r +3},0 <r < [2] — 1,

where p; = maz(p + 4) and q; = max(q + 1+ p1),

* for other m:

p+4,
qg+1+p,
r—+ 9,

I+ aq,

C7(U,‘Uz‘7j) =

i=1;7€{3p+1,3p+2,3p+31,0<p < [2] -1,
ieven;j € {3¢+1,3¢+2,3¢+3},0<¢<[%] -1,
iodd;j € {3r +1,3r +2,3r +3},0 <r < [2] -2,
iodd;j € {3s+1,354+2,3s+3},s = [2] — 1,

where p; = max(p +4) and ¢ = max(q+ 1+ p1),

4

)
e for 6|m 07(1}1‘7]‘?}@‘7]‘4_1) = G

7
e form = 8: C7<Ui’jvi’j+1) =
* form = 3z ¢7(v; i j11) =

e for other m: C7(Uz‘7jv7;7j+1) =

je{1,2,...,n}.

1 odd; 7 odd,

1 odd; 5 even,

where j € {1,2,...,n
7 even; j odd, A }

1 even; j even,

1 0odd; 5 odd,
1 odd; j even,

where j € {1,2,...,n
1 even; 7 odd, A }

® N o

, 1even; j even,

~

© 0 N O Ut

1 0odd; 5 odd,
1 odd; j even,

1 even; j odd, ,
) ] where j € {1,2,...,n}
i even; j even,

1 =m; 7 odd,

, 1= m;jeven,

, 1 =1;70dd,

1 = 1; j even,

1 even; 7 odd,

1 even; j even, where 0 < r < f%] — 2 and
1 0odd; 5 odd,
1 odd, r = 0; 7 even,

S 00 Ot N Oy Ot

1 odd, r > 0; 7 even,
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Consider the outer cycle subgraphs as wheel subgraphs with v; as its center vertex, where
v; € {v1,v2, ..., v, }. Figure 11 shows the illustration of 3-local strong rainbow coloring of C,,,©C;,
for m > 6, where m is even, or 3|m and n > 6.

Figure 11. 3-local strong rainbow coloring of C,,, ® C),

¢ Subcase 7.1 If Vi, € V(Cm),viQ S V(Cm);il,ig € {1,2, ...,m},il 7& 19

The coloring refers to Subcase 5.1.

* Subcase 7.2 If v;; € V(C%), v € V(CL);i € {1,2,...,m}, i,k € {1,2,...,n},j # k
The coloring refers to Subcase 4.2.

* Subcase 7.3 vail,j S V(C;;),UZ’Q’k S V(Cff),ll,lg S {1,2, ...,m},j,k’ S {1,2, ...,n},il 7é
i

The coloring may refer to Subcase 4.3. However, in this case, for m even, [n/3]-2 additional
colors are needed to color v;, jv;, and v;,v;, , wWhile for 3|m, [n/3] - 3 additional colors are
needed to color v;, jv;, and v;,v;, k.

* Subcase 7.4 If Vi, € V(Cm), Vig,j € V(Cﬁf), il, 19 € {1, 2, ceey m},j S {1, 2, cees n}, 11 7& 19
The coloring may refer to Subcase 5.3 but in this case, the coloring of v;,v;, ; refers to Case
7.3.

Thus, it is proved that the Isrcs(Cry © Cn) = [7a7 1 + ([5] [/ 1) for m > 6 (m is even)
or 3|m and n > 6.
Case 8: Form > 6,31 m (misodd) andn > 6

Defined the coloring cs : E(C,,, © C,,) — {1,2, ..., ([n/3] - 3) + 3} as follows:

* The coloring of v;v;; is the same as c¢5(v;v;11),
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p+4, i=1je{3p+1,3p+2,3p+3},0<p<[g] -1,
e cg(vivij) = qq+1+p, deven;j€ {3¢+1,3¢+2,3¢+3},0<qg< 5] -1,
r+1+q, iodd(@#1);je€{3r+1,3r+2,3r+3},0<r< (%] —1,
where p; = max(p + 4) and ¢; = max(q + 1 + p1),

4, jisodd,

. where j € {1,2,...,n},
5, jiseven,

* cg(v1,01,541) = {

6, jisodd,

N where i € {2,4,6,....,m —1}and j € {1,2,...,n},
7, 71iseven,

o cs(VijVij41) = {

8, 71isodd,

- where i € {3,5,....m}and j € {1,2,....,n}
9, jiseven,

* cs(VijVij41) = {

Consider the outer cycle subgraphs as wheel subgraphs with v; as its center vertex, where
v; € {v1, 09, ..., v, }. Figure 12 shows the 3-local strong rainbow coloring illustration of C7 ® C,,
n > 6.

4
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Figure 12. 3-local strong rainbow coloring of C7 ® C,,

¢ Subcase 8.1 If Uiy c V(Cm),UiQ S V(Cm),ll,lg € {1,2, ...,m},i1 7é iz

The coloring refers to Subcase 5.1.

* Subcase 8.21If v, ; € V(C!), v € V(CL);i € {1,2,...,m}, j,k € {1,2,...,n},j # k

The coloring refers to Subcase 4.2.

43



Local Strong Rainbow Connection Number of Corona Product ... | K.N. Afifah and K.A. Sugeng

* Subcase 8.3If v;, ; € V(C1), v, € V(C'2)541,00 € {1,2,...,m}, 5,k € {1,2,...,n},i; #
i2
According to Subcase 7.3, [n/3] - 2 additional colors are needed to color v;, ;v;, and v;,v;, k.
However, one subgraph cannot be given those new colors because there are an odd number
of outer cycle subgraphs. Thus, we can put color 4 on v;v1,1,v101,2, and v1v; 3, then the
remaining v;v; ; are colored with [n/3] — 1 additional colors.

* Subcase 8.4 If”UZ'1 € V(Cm),’l)iQ’j S V(C,:E),Zl,ZQ S {1,2, ...,m},j S {1,2, ...,n},i1 7& 19

The coloring may refer to Subcase 5.3 but in this case, the coloring of v;,v;, ; refers to
Subcase 8.3.

Thus, it is proved that the [src;(Cy, © Cy,) = ([n/3] - 3) + 3 for m > 6,3 + m (m is odd) and
n > 6.
0

4. Conclusion

From the discussion in Section 3, it can be concluded that for any cycle graph C,, and C,,,
where m > 3 and n > 3:

1. The 2-local strong rainbow connection number of C,,, ® C,, is

[n/2], form =3,n € {3,4,5},
sres(Cy ® C) [n/3] +1, form =3,n>6,
sreo(C, ) =

2 3, form > 3,n € {3,4,5},

[n/3] +2, form>3,n>6.

2. The 3-local strong rainbow connection number of C,,, © C,, is

3, m = 3,n € {3,4,5},
([n/3]-3) + 1, m=3,n>6,
’—%-‘ + 2’ m & {475}7n € {374a 5}7
2+([51- %D m € {4,5},n > 6,
[ Cn®C,) = 3 2
s7s(Cm © Cn) (2] +2, m > 6(m # 3z),n € {3,4,5},
6, m = 3x,n € {3,4,5},
hm%ﬂ +([5]- (%W), m > 6 (m even) or 3|m,n > 6,
L ([n/3] -3) + 3, m > 6,31m (modd),n > 6,

where x is an odd number larger than 1.

For further research, we can study local rainbow coloring for other product graphs.
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