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Abstract

Let G be a nontrivial, edge-colored, and connected graph of order m > 3, where adjacent edges
may have the same color. A tree T in the graph G is called a rainbow tree if all the edges in T’
have different colors. For S C V(G), the Steiner distance sd(S) of S is the minimum size of a
tree in GG containing S. Let k£ be an integer with 2 < k£ < m. An edge-coloring in G is a strong
k-rainbow coloring if, for every set S of k vertices in G, there exists a rainbow tree of size sd(5)
in G containing S. In this paper, we study the strong 3-rainbow index srx3 of closed helm graphs.
We determine the srxs of closed helm graphs.
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1. Introduction

All graphs considered in this paper are simple, finite, and connected. We follow the terminology
and notation of Diestel [7]. For simplifying, we define [a, b] as a set of all integers « with a < z <
b.

Let GG be an edge-colored graph of order m > 3, where adjacent edges may be colored the
same. For S C V(G), a rainbow S-tree is a rainbow tree that contains the vertices of S. Let k be
an integer with k € [2,m|. An edge-coloring of G is called a k-rainbow coloring if, for every set
S of k vertices of (G, there exists a rainbow S-tree in G [1].

The k-rainbow index 7z (G) of G, introduced by Chartrand et al. [6], is the minimum number
of colors needed in the k-rainbow coloring of G. Thus, if £ = 2, then rz2(G) is the rainbow
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connection number r¢(G) of GG, which was introduced by Chartrand ez al. in 2008 [5]. For every
nontrivial connected graph G of order n, it is easy to see that rz, (G) < rz3 (G) < ... < rz,(G).

The Steiner distance of a set S of vertices in (G, denoted by, sd(.S), is the minimum size of a
tree in G containing S. Such a tree is called a Steiner S-tree. The maximum Steiner distance of S
among all sets S of k vertices of G is called the k-Steiner diameter sdiamy(G) of G. In [6], for
every connected graph G of order n > 3 and each integer k with k € [3, m],

k—1<sdiamg (G) <rz, (G) <n-—1.

Awanis et al. [1] introduced a generalization of the k-rainbow coloring of G called the strong
k-rainbow index of G, denoted by srxz(G). A rainbow Steiner S-tree is a rainbow S-tree of size
sd(S). An edge-coloring of G is called a strong k-rainbow coloring of G, if, for every set S of k
vertices of (G, there exists a rainbow Steiner S-tree in G. The minimum number of colors needed
in a strong k-rainbow coloring of G is the strong k-rainbow index srzy(G) of G. Thus, we have
ray (G) < srxy, (G) for every connected graph G.

Furthermore, if G is a nontrivial connected graph of size |E (G)| whose k-Steiner diameter is
sdiamy(G), then it is easy to check that

sdiamy, (G) < rzxy (G) < srxy, (G) < |E(G)]. (1)
To find the strong 3-rainbow coloring of the closed helm graph, the following results are needed.

Lemma 1.1. ([1]) For n > 3, let ¢ be a strong 3-rainbow coloring of fan graph, F,,. Then at most
two spokes of F,, may be colored the same. Moreover, if ¢ (vv;) = c(vv;) for distinct i, j € [1,n],
then v; and v; are adjacent.

Observation 1.1. ([3]) Awanis and Salman (2022) define a strong 3-rainbow coloring of wheel
graph as below:

(o) = |3 fori € nm

for odd m, _
[2] +1 foroddj e [1,m — 2],
c (vjvj+1) =<1 for j = m,
z foreven j € [1,m — 1];
for even m,

[L]+1 foroddj e [1,m — 3],
c(Wott) =41 forj =m —1,
J
2

for even j € [1,m].
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Figure 1. Strong 3-rainbow colorings of W3, Wy, Wg, and W

2. Main Result

Before working on the strong 3-rainbow coloring of closed helm graphs, we must first define the
vertices and edges of closed helm graphs. Let C'H,, be a closed helm graph with m > 3. Define
the vertices and edges of a closed helm graph, successively, as

V(CHy) = {vtU{v]| i €[1,2];p € [1,m]}
and
E(CHy) = o] pe [Lm]} U{ued] p e [Lm]} U {oe?*)] i € [1,2:p € [1,m]}

where v/"*! = ¢! with i € [1,2]. A closed helm graph C'H,, is shown in Figure 2.

Figure 2. A closed helm graph C'H,,

To make our work easier, we group the edges of a closed helm graph into 4 groups. We define
the edges {vvi|i € [1,m]} as the inner spokes of the graph and the edges {vivi|i € [1,m]} as the
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outer spokes of the graph. Then, we define the edges {viv{*'|i € [1, m — 1]} U {v]"vi} as the
inner rim and the edges {vivy™ | i € [1,m — 1]} U {v'v}} as the outer rim. Lastly, we define rim
distance, written as rd (v?, v{), means the minimum length of the path that connects v? and v; that
does not contain v.

The inner spokes and the inner rim of a closed helm graph can be seen as a wheel graph. As
such, we can simply apply the coloring in Observation 1.1 to them. The following results are

needed to define the coloring of the outer spokes and the outer rim of a closed helm graph.

Lemma 2.1. For m > 6, let c be a strong 3-rainbow coloring of C H,,,. Then at most three outer
spokes of C' H,, may be colored the same. Moreover, if c(vivh) = c(vivd) for distinct p, q € [1, m)],
then rd(vh, vd) < 2.

Proof. Let c be a strong 3-rainbow coloring of graph C'H,,. Suppose that we have four outer
spokes with the same color, that is, c(v]*v5") = c(vi?0v8?) = c(v*V5?) = c(vi*vh*). As a result,
there exists a pair of vertices in {v5", v5* v5? vh*} such that their rim distance is more than 2, we
name those two vertices as v5" and vy’. By observation, it is clear that the Steiner tree that contains
v,uh7, and vy’ is only (vh', v} v, v}’ v5’). Thus, the Steiner tree does not have rainbow coloring.
This contradicts our initial assumption that c is a strong 3-rainbow coloring. 0

Lemma 2.2. Let ¢ be a strong 3-rainbow coloring of C H,,. For p,q,r € [1,m], where v} is a vertex
adjacent to v§ and rd (vh,v}) < rd (v5,v]), if rd (v5,v3) ¢ {3,4,5} then c(vivd) # c(vivh).

Proof. Let C'H,, be a closed helm graph. To prove this lemma, we will look at the following cases:

Case 1, rd(vh,vd) € {1,2}

Suppose c(vivd) = c(vivh). For rd(vh,vd) = 1, we have vj = v} and the Steiner tree that
contains v}, v4, and v§ is only (v}, v, v3). It is obvious that this Steiner tree is not a rainbow tree.
For rd(vh,v) = 2, the Steiner tree that contains v¥, v5, and vd is only (v¥, v, v5, vd). Thus, this
Steiner tree is also not a rainbow tree.

Case 2, rd(vh,v3) > 6

Suppose c(vivd) = c¢(vivh). The Steiner tree that contains v5,v5,03 is (v5, v}, v, v, vl v}) or
(vh, v, v, v, v5,v]), both trees contain the edges v{vh and vivj. Thus, this Steiner tree is not a
rainbow tree.

In conclusion, both cases show that if rd (v, vd) & {3,4,5} and c¢(viv]) = c(v]vh) then ¢ is not a
strong 3-rainbow coloring of C H,,. [

Corollary 2.1. If rd(vh,vl) > 6 forp,q € [1, m] and v} is a vertex adjacent to vy and rd (v, vh) <
rd (v, v3), then c(vyv3) ¢ {c(vey), c(vivy)}.

Proof. From Lemma 2.2, we know that c(vivd) # c(vivh). Furthermore, according to the proof
of Lemma 2.2 in Case 2, the Steiner trees that contain v4, v5, v4 both have the edges v} and vjva.
Having c(vivd) = c¢(vv}), the Steiner tree is not a rainbow tree. O

Lemma 2.3. For m > 10, let ¢ be a strong 3-rainbow coloring of CH,,. If 2 < rd(vh,vl) <5,
then c(vivs) # c(vivd) for distinct p,q,r,s € [1,m] where v} is a vertex adjacent to vy with
rd (vh,v) < rd (v, v]) and v§ is a vertex adjacent to v with rd (v, v3) < rd (vi,v%).
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Proof. Suppose c(vhvs) = c(vivd). For some k such that the Steiner tree containing v}, v5, vd is

only (v5,vs, v, v, vd), the tree is not a rainbow tree. O

Lemma 2.4. Let ¢ be a strong 3-rainbow coloring of C H,,. If c(vv?) = c(vu?th), then c(vhubth) #
c(vv?) for p € [1,m).

Proof. Let c(v5v5t!) = c(vo?) and c¢(vo?) = c(vv?™). The Steiner tree that contains v, v5, and

ob T s either (v, o, 08, o8 or (v, v WBTT WB). Suppose c(vEvE ™) = c(vu?), so obviously

1 1 .
(v, 0, v2 vE™) is not a rainbow tree. Since c(vt?) = c(vo?™), we find that (v, v?™ V8T WD) is
also not a rainbow tree. Thus, we have no Steiner rainbow tree. OJ

Lemma 2.5. Let c be a strong 3-rainbow coloring of C H,, and let p, q € [1, m] with p # q, where
vl is a vertex adjacent to v and rd (V5 v) < rd (v, vd). If rd(vh,vd) > 3, then c(vavl) # c(voy).

Proof. Suppose c(vivy) = c(ve}) and rd(vh, v]) > 3. The Steiner tree that contains vj, v5, and

vl is either (v5, va, v, v,v7) or (vd, vy, v}, v, v¥). Both contain the edges viv} and vv]. Thus, the
Steiner tree is not a rainbow tree. ]

By the inequality provided in (1), it is important to determine the 3-Steiner diameters of the closed
helm graphs before we determine the strong 3-rainbow indexes of the graphs. Theorem 2.1 below
defines the sdiamg of a closed helm graph C'H,,,.

Theorem 2.1. For m > 3, then

3 form = 3;
4 form € [4,5];
5 form € [6,8];
6 form > 9.

sdiams(CH,,) =

Proof. Note that for every m, there are 7 cases of triple vertices denoted by Sy, for k£ € [1, 7] such
that UZ:1 S, = S. Thus, S is the set for all possible combinations of triple vertices in C'H,,,. We
have:

51:{{’(} Ula }’fOI‘p,qE[l,m],p#q},

52:{{U UQ’ }’fOI‘p,qG [1,m],p7§q},

. S5 = {{uv, vl, vhHfor p € [1,m]},

- Sy = {{v, v, v3}[forp,q € [1,m],p # q},

.Sy = {{vv Z,vj}|f01rp,q,r€ (1,m],p#q#r#pandi,je[l,2],i+#j},
o= {{of g florp € Ll g € 121,

7. S; = {{v?, v}, vl forp,q,r € [1,m],p # q#r #pandi € [1,2]},

By observatlon, we know that for every m:
1. sd(s € S1) =2,
2. sd(s € S3) =2,
3. sd(s € Sy) =3.

Now, we observe for each case of m.

O\Ul-lkwl\):—‘
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Table 1. Steiner distance for every triple vertices s in each case and each m

m max max max max sdiams(CH,y,)
{sd(s € S3)} {sd(s€ S5)} {sd(s€ Sg)} {sd(se€ S7)} =mazx{sd(se S)}
3 3 3 2 2 3
4 4 3 3 2 4
5 4 4 3 3 4
6 4 5 4 4 5
7 4 5 4 4 5
8 4 5 4 5 5
>9 4 5 4 6 6

For each m, we find the Steiner distance of each cases of the triple vertices s. The table above
shows the maximum Steiner distance for cases s € {Ss, S5, 56, 57} and the maximum Steiner
distance for all cases. In other words, the last column shows the Steiner diameters of closed helm
graphs. Note that it gives a similar result to the theorem. 0

Finally, Theorem 2.2 below gives the srx3 of closed helm graph C'H,,,.

Theorem 2.2. For m > 3, then

(3 form = 3;
4 form € {4,5};
srxg(CHy,) = f(x) =< m form € {6,7,9};
2]+ %] form = 8 or m > 10 with m(mod 6) # 1;
[2]+ 2] =1 form > 13 with m(mod 6) = 1.

Proof. Casel, m =3
Since we have sdiams(CHs) = 3, we have srxz3(CHs) > 3 by (1). Next, we show that
srxs(C Hs) < 3 by defining a strong 3-rainbow coloring ¢ : E(C'Hs) — [1, 3] as follows.

c(vv}) = c(vv]) = c(viv}) = c(viv}) =1 for i € [1,2],

c(vvd) = c(viv?) =2 for i € [1,2],
c(vlv)) =3 for j € [1,3].

Case 2, m € {4,5}
Since we have sdiams(CH,,) = 4, we have srx3(CH,,) > 4 by (1). Next, we show that
srxs(CH,y,) < 4 by defining a strong 3-rainbow coloring ¢ : E(CH,,) — [1, 4] as follows.
c(vv]) = [3] for j € [Lm].

c(vlv)) =4 for j € [1,m];
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form = 4,
c(viv?) =3 for i € [1,2],
c(v?v}) = c(viv}) =2 for i € [1,2],
c(vdv}) =1 for i € [1,2];
for m = 5,

c(viv}) =3 for i € [1,2],
) = c(viv)) =2 for i €[1,2],
Svf) =1 for i € [1,2].

The result of the coloring is shown in Figure 3.

(a) (b) (c)

Figure 3. Strong 3-rainbow colorings of closed helm graph (a) C Hs, (b) CHy, and (c) C'Hj5

Case 3, m € {6,7,9}
Subcase 3.1, m = 6

Note that sdiams(C Hg) = 5, thus we have srz3(CHg) > 5 by (1). By Lemma 1.1, we use
[%] colors and by Lemma 2.1, we use additional [ % | colors. As a result, for C'H, we use at least
[51+ [5] =5 colors.

Suppose that srz3(C'Hg) = 5, then by Lemma 1.1 and Observation 1.1, we color the inner
spokes and inner rims with 3 colors, and by Lemma 2.1, we color the outer spokes with an addi-

tional 2 colors. The colors of the spokes and inner rims are shown in Figure 4(a).
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(b)

Figure 4. Spokes and Inner rims’ color for (a) C'Hg with 5 colors and (b) C Hg with 6 colors.

By Lemma 2.2, Lemma 2.4, and Lemma 2.5, the colors which we can color the outer rim with

are shown in Table 2.

Table 2. The colors of outer rims for C Hg if srx3(CHg) = 5
Outer Rim Lemma 2.2 Lemma2.4 Lemma?2.5 Available

c(vyv3) # 4,5 # 1
c(v3v3) #4,5 -
c(vivy) #4,5 # 2
c(vyv3) # 4,5 -
c(v3vs) # 4,5 #3
c(vhv,) # 4,5 -

{2.3}
(12,3}
{1.3}
{1,2,3}
{1.2}
{123}

We have six outer rims to color, but we only have three colors available. Suppose that we have
triple vertices v3, v3, v3, then the Steiner tree consists only of the outer rim edges and has a length
of 4, which means we need at least one additional color for the outer rim. Thus, it’s clear that

srx3(C'Hg) > 5.

Let us propose a new coloring. We color the spokes and inner rim as shown in Figure 4(b). By
Lemma 2.2, Lemma 2.4, and Lemma 2.5, below are the colors which we can color the outer rim

with, as shown in Table 3.
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Table 3. The colors of outer rims for C Hg if srax3(CHg) = 6
Outer Rim Lemma 2.2 Lemma2.4 Lemma?2.5 Available

c(vav3) #4,5,6 #1 - {2,3}
c(vav3) #4,5 - - {1,2,3,6}
c(vivy) #4,56 # 2 - {1,3}
c(vyv3) #5,6 - - {1,2,3,4}
c(v3vs) #4,5,6 #3 - {1,2}
c(v5vy) #4,6 - - {1235}

We now have 6 edges to color and 6 colors to use. Then, we are able to define a strong 3-
rainbow coloring of C' Hg as shown in Table 4.

Table 4. The colors of edges for C'Hg

Edges Color

1,02 22,3 5.6 5,6
Uy, VU, U1V, U1 U1, Ul 1

VLY, 00, VIVE, U107 Uy
v, vud vl vl vivg
V13, U705, V33
VI3, U0y, U3y

5,5 6,6 ;.23
V1 Vg, U1 V3, U3V

[ )NV, IS S I )

A strong 3-rainbow coloring of C'Hg is shown in Figure 5(a). We conclude that srz3(C Hg) =
6 = m.
Subcase 3.2, m =7

Note that sdiamg(C' H;) = 5, thus we have srx3(C'H;) > 5by (1). By Lemma 1.1 and Lemma
2.1, we use at least [Z] + [Z] = 7 colors to color the spokes and inner rims of C'H;. The only
edges that are yet to be colored are the outer rim edges. It is clear that we would be able to color

the last 7 edges with 7 colors. We define a strong 3-rainbow coloring of C'H; as shown in Table 5.
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Table 5. The colors of edges for C Hr

Edges Color
vol,vvd vivd viuf v 1
ol v, vivd el vaud
v, vuf v, vl vSud
vl vjvl vivd
V1V, U703, VY3, U305
vhvd 3ol o8, ulo?

7.7 3.4
V1 Vg, UgUy

NN R W

(a) (b)

Figure 5. Strong 3-rainbow colorings of closed helm graph (a) C' Hg and (b) C'Hy

A strong 3-rainbow coloring of C'H is shown in Figure 5(b). We conclude that sra3(CH7) =
7T=m.
Subcase 3.3, m = 9

Note that sdiams(C Hgy) = 6, so we have srx3(CHg) > 6 by (1). By Lemma 1.1 and Lemma

2.1, we use at least [3] + [3] = 8 colors for C'Hj.
Suppose that srx3(C'Hg) = 8, then by Lemma 1.1 and Observation 1.1, we color the inner
spokes and inner rims, and by Lemma 2.1, we color the outer spokes. The colors of the spokes and

inner rims is shown in Figure 6.
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Figure 6. Spokes and Inner rims’ color for C'Hgy with 8 colors

By Lemma 2.2, Lemma 2.4, and Lemma 2.5, we can color the outer rim as shown in Table 6.

Table 6. The colors of outer rims for C Hg if sras(CHy) = 8
Outer Rim Lemma?2.2 Lemma?2.4 Lemma?2.5 Available

c(vav3) # 6,8 #1 # 3,4 {2,5,7}

c(v3v3) #6,7 - # 3,4 {1,2,5,8}
cldd)  £6,7 49 445 {138}
clvdd)  £6,7 i £1.4,5  {238)
c(v3vl) #7,8 # 3 #1,5 {2,4,6}
c(vSvl) #7,8 - #1,2 {3,4,5,6}
c(vivs) #7,8 # 4 #1,2 {3,5,6}
c(v5vl) #6,8 - #2,3 {1,4,5,7}
clwdul)  £6,8 i 22,3 {1457

We have 9 edges to color and only 8 colors to use, that means there is at least two edges with
the same color. Suppose that those two edges are colored with one of the inner spokes’ colors

(1,2,3,4,5), we take the outer rim edges with the largest rim distance. Let c(v3v3) = c(vSv]) = 5.

Suppose that we take the triple vertices as {v2, v3, v}, then the Steiner tree is (v3, v3, v5, v5, vS, v7).
Note that this tree is not a rainbow tree. Notice that we will also run into the same problem if we
use the other colors of the inner spoke.

Our next choice is to use the colors from the outer spokes (6,7,8), but all the possible pairs have
a rim distance of 3. Thus, it is clear that it will not result in a strong 3-rainbow coloring. Then
srxs(C Hy) must be > 9.

We define a strong 3-rainbow coloring of srz3(C' Hy) as shown in Table 7.

119



Strong 3-rainbow indexes of closed helm graphs |  C.S. Nugrahani, C. Constantine, A.N.M. Salman

Table 7. The colors of edges for C'Hy

Edges Color

1,02 2,3 0 1
vvy, VUy, U1y, UaUg

o3, oot vivd, viv, viva

v}, vl Vvl vl vivg

vof, vor, vief, vpef, vhug
vy, viv}, vivy, vivs
vl 0202, v3ud, u3u
vivg, vivd, viS, vivy
vivg, viu8 vivd, vivd

vyv;

[S—

O 00 1O\ W

Figure 7. A strong 3-rainbow coloring of a closed helm graph C' Hgy

A strong 3-rainbow coloring of C'Hy is shown in Figure 7. We conclude that srz3(C Hy) =
9 =m.

Case 4, m = 8 orm > 10 with m (mod 6) # 1
Subcase 4.1, m = 8

Note that sdiamg(C Hg) = 5, so we have srx3(C Hg) > 5 by (1). By Lemma 1.1 and Lemma
2.1, we use at least [ 5] + [5] = 7 colors for C'Hy. Next, we show that sras3(CHg) < 7 by defining
a strong 3-rainbow coloring for C' Hg, as shown in Table 8.
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Table 8. The colors of edges for C'Hg

Edges Color
vol,vvd vivd oo vivg, vius 1
o3, oot vivd, vivd, vavs
v}, vl Vvl vl vSul
VUL, vug, v, iy, v
V1V, VU3, VR0, V3T
vl 30l ol ol

7.7 .88 2.3
V1 Vg, U1V3, U3Us

NN R W

Figure 8. A strong 3-rainbow coloring of a closed helm graph C'Hg

We conclude that srz3(CHg) = [5]1+ [3] =T.
Subcase 4.2, m > 10 with m (mod 6) # 1

Note that sdiams(C' H,,) = 6, so we have srz3(C'H,,) > 6 by (1). By Lemma 1.1 and Lemma
2.1, we use at least [ | + [%] colors for C'H,,,. We define the coloring of the spokes and inner

rim as follows. »
c(vvl) = B—‘ fori € [1,m],

it = [ 5]+ 5 ori €.
for odd m,
(%W +1 foroddie [1,m — 2],
™) =1[5]  fori=m,
i foreveni € [1,m — 1];
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for even m,
[i]+1 foroddi e [1,m — 3],
c(vivit™)y =<1 fori =m — 1,
i foreven i € [1,m].

Because [ %3] + [%] < m for m > 10, we have at least two edges in the outer rim with the
same color. Following the coloring from Lemma 1.1, to satisfy Lemma 2.5, it is not possible to
have more than one color « in the outer rim if « is a color from the inner spokes. We have shown
the reasoning from the proof for C Hy. As such, the only possible colors are the colors from the
outer spokes, that is, at most (%W colors.

Subcase 4.2.1, m (mod 3) = 0

We define a strong 3-rainbow coloring of the outer rim edges as follows.

~

(%-‘ +% if i(mod 3) = 1 fori € [1,m — 5],
2]+ 52 ifi(mod 3) = 2fori € [1,m — 1],
(%]4—1 fori =m — 2,
c(vioy™) =< [2] + [2] fori =2,
(2] fori = m,
clofuit) it e(un)) # e(wit),
Lc(vv]) =1 if e(vv]) = e(voi™).

We attach one of the results of this subcase in Figure 9.

Figure 9. A strong 3-rainbow coloring of a closed helm graph C H14

Subcase 4.2.2, m (mod 3) = 1
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We define a strong 3-rainbow coloring of the outer rim edges for m = 10 as follows.

(

6 fori =5,

7 fori =8,

. 8 fori =1

c(vivit) = ’
(vav3") 9 fori =2andi =7,

c(viv™h) if e(vvp) # c(vvy™),

Lc(vvl) — 1 if e(vvl) = c(vvf™).

We define a strong 3-rainbow coloring of the outer rim edges for m > 13 as follows.

~

(%W +% if i(mod 3) = 1 fori € [1,m — 3],
(%W —1—% if i(mod 3) = 2 fori € [1,m — 2],
c(vyvy™) =[5 ]+ [%] fori=2,
cfof™) it elond) £ c(unit),
Lc(vv}) =1 if e(vo]) = e(vo}™).

We attach some results of this subcase in Figure 10.

(a) (b)

Figure 10. Strong 3-rainbow colorings of closed helm graph (a) C'H¢ and (b) C'H14

Subcase 4.2.3, m (mod 3) = 2
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We define a strong 3-rainbow coloring of the outer rim edges for m = 11 as follows.

/

6 fori =1,
7 for i =5,
8 for i = 8§,

c(vivi™)y =<9 fori = m,
10 fori =2andi =7,
c(vivy™) if e(vv}) # clvoy™),
c(vv}) — 1 if e(vv}) = c(voi™).

\

We define a strong 3-rainbow coloring of the outer rim edges for m > 14 as follows.

([m] + 55 ifi(mod 3) = 1fori € [1,m — 4],
[2] + 52 ifi(mod 3) =2 fori € [5,m],
iy — L [+ fori=2
(2] +1 fori =m — 2,
c(vivtth) if c(vvl) # c(vvith),
Lc(vvl) — 1 if c(vv)) = e(voith).

We attach some results of this subcase in Figure 11.

Figure 11. Strong 3-rainbow colorings of closed helm graph (a) CH1; and (b) CH14

By observation, it is clear that srz3(CH,,) = [%2]| + [%] for m = 8 or m > 10 with m
(mod 6) # 1.
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Case 5, m > 13 with m (mod 6) =1

In this case, we have one outer spoke with the same color as one of the inner spokes’ color
namely color [2]. Thus, we use at least [ 2| + [%2] — 1 colors to color the spokes and inner rims.
We define a coloring of the spokes and inner rims as follows.

i

c(vvl) = {J fori € [1,m],

1
w fori € [1,m],

|+1 foroddi e [1,m—2],
fori =m,

foreveni € [1,m — 1].

We define a strong 3-rainbow coloring for the outer rims as follows.

N\

if i(mod 3) = 2 fori € [2,m — 5],
if i(mod 3) = 0 fori € [3,m — 1],

fore =m — 2,

oIS S o
+ +
oL <[E

JRS—

c(vyy™) = .
fori =m,
c(v’ivi“) +1 ifc(vvl) # c(vvi“),
L c(vivith) if c(vvl) = c(vvith).

We attach one of the results of this subcase in Figure 12.
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Figure 12. A strong 3-rainbow coloring of a closed helm graph C'H13

By observation, it is clear that srz3(CH,,) = [2]+ [%W —1form > 13 with m (mod 6) = 1.
In conclusion, the theorem is proven to be true. O
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