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Abstract

Let G be a nontrivial, edge-colored, and connected graph of order m ≥ 3, where adjacent edges
may have the same color. A tree T in the graph G is called a rainbow tree if all the edges in T
have different colors. For S ⊆ V (G), the Steiner distance sd(S) of S is the minimum size of a
tree in G containing S. Let k be an integer with 2 ≤ k ≤ m. An edge-coloring in G is a strong
k-rainbow coloring if, for every set S of k vertices in G, there exists a rainbow tree of size sd(S)
in G containing S. In this paper, we study the strong 3-rainbow index srx3 of closed helm graphs.
We determine the srx3 of closed helm graphs.
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1. Introduction

All graphs considered in this paper are simple, finite, and connected. We follow the terminology
and notation of Diestel [7]. For simplifying, we define [a, b] as a set of all integers x with a ≤ x ≤
b.

Let G be an edge-colored graph of order m ≥ 3, where adjacent edges may be colored the
same. For S ⊆ V (G), a rainbow S-tree is a rainbow tree that contains the vertices of S. Let k be
an integer with k ∈ [2,m]. An edge-coloring of G is called a k-rainbow coloring if, for every set
S of k vertices of G, there exists a rainbow S-tree in G [1].

The k-rainbow index rxk(G) of G, introduced by Chartrand et al. [6], is the minimum number
of colors needed in the k-rainbow coloring of G. Thus, if k = 2, then rx2(G) is the rainbow
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connection number rc(G) of G, which was introduced by Chartrand et al. in 2008 [5]. For every
nontrivial connected graph G of order n, it is easy to see that rx2 (G) ≤ rx3 (G) ≤ . . . ≤ rxn(G).

The Steiner distance of a set S of vertices in G, denoted by, sd(S), is the minimum size of a
tree in G containing S. Such a tree is called a Steiner S-tree. The maximum Steiner distance of S
among all sets S of k vertices of G is called the k-Steiner diameter sdiamk(G) of G. In [6], for
every connected graph G of order n ≥ 3 and each integer k with k ∈ [3,m],

k − 1 ≤ sdiamk (G) ≤ rxk (G) ≤ n− 1.

Awanis et al. [1] introduced a generalization of the k-rainbow coloring of G called the strong
k-rainbow index of G, denoted by srxk(G). A rainbow Steiner S-tree is a rainbow S-tree of size
sd(S). An edge-coloring of G is called a strong k-rainbow coloring of G, if, for every set S of k
vertices of G, there exists a rainbow Steiner S-tree in G. The minimum number of colors needed
in a strong k-rainbow coloring of G is the strong k-rainbow index srxk(G) of G. Thus, we have
rxk (G) ≤ srxk (G) for every connected graph G.

Furthermore, if G is a nontrivial connected graph of size |E (G)| whose k-Steiner diameter is
sdiamk(G), then it is easy to check that

sdiamk (G) ≤ rxk (G) ≤ srxk (G) ≤ |E (G)| . (1)

To find the strong 3-rainbow coloring of the closed helm graph, the following results are needed.

Lemma 1.1. ([1]) For n ≥ 3, let c be a strong 3-rainbow coloring of fan graph, Fn. Then at most
two spokes of Fn may be colored the same. Moreover, if c (vvi) = c(vvj) for distinct i, j ∈ [1, n],
then vi and vj are adjacent.

Observation 1.1. ([3]) Awanis and Salman (2022) define a strong 3-rainbow coloring of wheel
graph as below:

c
(
vvj
)
=

⌈
j

2

⌉
for j ∈ [1,m];

for odd m,

c
(
vjvj+1

)
=


⌈
j
2

⌉
+ 1 for odd j ∈ [1,m− 2],

1 for j = m,
j
2

for even j ∈ [1,m− 1];

for even m,

c
(
vjvj+1

)
=


⌈
j
2

⌉
+ 1 for odd j ∈ [1,m− 3],

1 for j = m− 1,
j
2

for even j ∈ [1,m].
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Figure 1. Strong 3-rainbow colorings of W3, W4, W6, and W7

2. Main Result

Before working on the strong 3-rainbow coloring of closed helm graphs, we must first define the
vertices and edges of closed helm graphs. Let CHm be a closed helm graph with m ≥ 3. Define
the vertices and edges of a closed helm graph, successively, as

V (CHm) = {v} ∪ {vpi | i ∈ [1, 2]; p ∈ [1,m]}

and

E (CHm) = {vvp1| p ∈ [1,m]} ∪ {vp1v
p
2| p ∈ [1,m]} ∪

{
vpi v

p+1
i

∣∣ i ∈ [1, 2]; p ∈ [1,m]}

where vm+1
i = v1i with i ∈ [1, 2]. A closed helm graph CHm is shown in Figure 2.

Figure 2. A closed helm graph CHm

To make our work easier, we group the edges of a closed helm graph into 4 groups. We define
the edges {vvi1| i ∈ [1,m]} as the inner spokes of the graph and the edges {vi1vi2| i ∈ [1,m]} as the
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outer spokes of the graph. Then, we define the edges
{
vi1v

i+1
1

∣∣ i ∈ [1, m − 1]} ∪ {vm1 vi1} as the
inner rim and the edges

{
vi2v

i+1
2

∣∣ i ∈ [1,m− 1]} ∪ {vm2 vi2} as the outer rim. Lastly, we define rim
distance, written as rd (vpi , v

q
i ), means the minimum length of the path that connects vpi and vqi that

does not contain v.
The inner spokes and the inner rim of a closed helm graph can be seen as a wheel graph. As

such, we can simply apply the coloring in Observation 1.1 to them. The following results are
needed to define the coloring of the outer spokes and the outer rim of a closed helm graph.

Lemma 2.1. For m ≥ 6, let c be a strong 3-rainbow coloring of CHm. Then at most three outer
spokes of CHm may be colored the same. Moreover, if c(vp1v

p
2) = c(vq1v

q
2) for distinct p, q ∈ [1,m],

then rd(vp2, v
q
2) ≤ 2.

Proof. Let c be a strong 3-rainbow coloring of graph CHm. Suppose that we have four outer
spokes with the same color, that is, c(vp11 v

p1
2 ) = c(vp21 v

p2
2 ) = c(vp31 v

p3
2 ) = c(vp41 v

p4
2 ). As a result,

there exists a pair of vertices in {vp12 , v
p2
2 , v

p3
2 , v

p4
2 } such that their rim distance is more than 2, we

name those two vertices as vpi2 and vpj2 . By observation, it is clear that the Steiner tree that contains
v,vpi2 , and vpj2 is only (vpi2 , v

pi
1 , v, v

pj
1 , v

pj
2 ). Thus, the Steiner tree does not have rainbow coloring.

This contradicts our initial assumption that c is a strong 3-rainbow coloring.

Lemma 2.2. Let c be a strong 3-rainbow coloring ofCHm. For p, q, r ∈ [1,m], where vr2 is a vertex
adjacent to vq2 and rd (vp2, v

r
2) ≤ rd (vp2, v

q
2), if rd (vp2, v

q
2) /∈ {3, 4, 5} then c(vr2v

q
2) 6= c(vp1v

p
2).

Proof. Let CHm be a closed helm graph. To prove this lemma, we will look at the following cases:
Case 1, rd(vp2, v

q
2) ∈ {1, 2}

Suppose c(vr2v
q
2) = c(vp1v

p
2). For rd(vp2, v

q
2) = 1, we have vr2 = vp2 and the Steiner tree that

contains vp1 , vp2 , and vq2 is only (vp1, v
p
2, v

q
2). It is obvious that this Steiner tree is not a rainbow tree.

For rd(vp2, v
q
2) = 2, the Steiner tree that contains vp1 , vp2 , and vq2 is only (vp1, v

p
2, v

r
2, v

q
2). Thus, this

Steiner tree is also not a rainbow tree.
Case 2, rd(vp2, v

q
2) ≥ 6

Suppose c(vr2v
q
2) = c(vp1v

p
2). The Steiner tree that contains vp2 ,vr2,vq2 is (vp2, v

p
1, v, v

q
1, v

q
2, v

r
2) or

(vp2, v
p
1, v, v

r
1, v

r
2, v

q
2), both trees contain the edges vp1v

p
2 and vr2v

q
2. Thus, this Steiner tree is not a

rainbow tree.
In conclusion, both cases show that if rd (vp2, v

q
2) /∈ {3, 4, 5} and c(vr2v

q
2) = c(vp1v

p
2) then c is not a

strong 3-rainbow coloring of CHm.

Corollary 2.1. If rd(vp2, v
q
2) ≥ 6 for p ,q ∈ [1,m] and vr2 is a vertex adjacent to vq2 and rd (vp2, v

r
2) ≤

rd (vp2, v
q
2), then c(vr2v

q
2) /∈ {c(vv

p
1), c(v

p
1v

p
2)}.

Proof. From Lemma 2.2, we know that c(vr2v
q
2) 6= c(vp1v

p
2). Furthermore, according to the proof

of Lemma 2.2 in Case 2, the Steiner trees that contain vp2, v
r
2, v

q
2 both have the edges vvp1 and vr2v

q
2.

Having c(vr2v
q
2) = c(vvp1), the Steiner tree is not a rainbow tree.

Lemma 2.3. For m ≥ 10, let c be a strong 3-rainbow coloring of CHm. If 2 ≤ rd(vp2, v
q
2) ≤ 5,

then c(vp2v
s
2) 6= c(vr2v

q
2) for distinct p, q, r, s ∈ [1,m] where vr2 is a vertex adjacent to vq2 with

rd (vp2, v
r
2) < rd (vp2, v

q
2) and vs2 is a vertex adjacent to vp2 with rd (vq2, v

s
2) < rd (vq2, v

p
2).
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Proof. Suppose c(vp2v
s
2) = c(vr2v

q
2). For some k such that the Steiner tree containing vp2, v

k
2 , v

q
2 is

only (vp2, v
s
2, v

k
2 , v

r
2, v

q
2), the tree is not a rainbow tree.

Lemma 2.4. Let c be a strong 3-rainbow coloring ofCHm. If c(vvp1) = c(vvp+1
1 ), then c(vp2v

p+1
2 ) 6=

c(vvp1) for p ∈ [1,m].

Proof. Let c(vp2v
p+1
2 ) = c(vvp1) and c(vvp1) = c(vvp+1

1 ). The Steiner tree that contains v, vp2 , and
vp+1
2 is either (v, vp1, v

p
2, v

p+1
2 ) or (v, vp+1

1 , vp+1
2 , vp2). Suppose c(vp2v

p+1
2 ) = c(vvp1), so obviously

(v, vp1, v
p
2, v

p+1
2 ) is not a rainbow tree. Since c(vvp1) = c(vvp+1

1 ), we find that (v, vp+1
1 , vp+1

2 , vp2) is
also not a rainbow tree. Thus, we have no Steiner rainbow tree.

Lemma 2.5. Let c be a strong 3-rainbow coloring of CHm and let p, q ∈ [1,m] with p 6= q, where
vr2 is a vertex adjacent to vq2 and rd (vp2, v

r
2) < rd (vp2, v

q
2). If rd(vp2, v

q
2) > 3, then c(vq2v

r
2) 6= c(vvp1).

Proof. Suppose c(vq2v
r
2) = c(vvp1) and rd(vp2, v

q
2) > 3. The Steiner tree that contains vq2, vr2, and

vp1 is either (vr2, v
q
2, v

q
1, v, v

p
1) or (vq2, v

r
2, v

r
1, v, v

p
1). Both contain the edges vq2v

r
2 and vvp1 . Thus, the

Steiner tree is not a rainbow tree.

By the inequality provided in (1), it is important to determine the 3-Steiner diameters of the closed
helm graphs before we determine the strong 3-rainbow indexes of the graphs. Theorem 2.1 below
defines the sdiam3 of a closed helm graph CHm.

Theorem 2.1. For m ≥ 3, then

sdiam3(CHm) =


3 for m = 3;

4 for m ∈ [4, 5];

5 for m ∈ [6, 8];

6 for m ≥ 9.

Proof. Note that for every m, there are 7 cases of triple vertices denoted by Sk, for k ∈ [1, 7] such
that

⋃7
k=1 Sk = S. Thus, S is the set for all possible combinations of triple vertices in CHm. We

have:

1. S1 = {{v, vp1, v
q
1}|for p, q ∈ [1,m], p 6= q},

2. S2 = {{v, vp2, v
q
2}|for p, q ∈ [1,m], p 6= q},

3. S3 = {{v, vp1, v
p
2}|for p ∈ [1,m]},

4. S4 = {{v, vp1, v
q
2}|for p, q ∈ [1,m], p 6= q},

5. S5 = {{vpi , v
q
i , v

r
j}|for p, q, r ∈ [1,m], p 6= q 6= r 6= p and i, j ∈ [1, 2], i 6= j},

6. S6 = {{vp1, v
p
2, v

q
i }|for p, q ∈ [1,m], p 6= q and i ∈ [1, 2]},

7. S7 = {{vpi , v
q
i , v

r
i }|for p, q, r ∈ [1,m], p 6= q 6= r 6= p and i ∈ [1, 2]},

By observation, we know that for every m:

1. sd(s ∈ S1) = 2,
2. sd(s ∈ S3) = 2,
3. sd(s ∈ S4) = 3.

Now, we observe for each case of m.
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Table 1. Steiner distance for every triple vertices s in each case and each m

m max max max max sdiam3(CHm)
{sd(s ∈ S2)} {sd(s ∈ S5)} {sd(s ∈ S6)} {sd(s ∈ S7)} =max{sd(s ∈ S)}

3 3 3 2 2 3
4 4 3 3 2 4
5 4 4 3 3 4
6 4 5 4 4 5
7 4 5 4 4 5
8 4 5 4 5 5
≥ 9 4 5 4 6 6

For each m, we find the Steiner distance of each cases of the triple vertices s. The table above
shows the maximum Steiner distance for cases s ∈ {S2, S5, S6, S7} and the maximum Steiner
distance for all cases. In other words, the last column shows the Steiner diameters of closed helm
graphs. Note that it gives a similar result to the theorem.

Finally, Theorem 2.2 below gives the srx3 of closed helm graph CHm.

Theorem 2.2. For m ≥ 3, then

srx3(CHm) = f(x) =



3 for m = 3;

4 for m ∈ {4, 5};
m for m ∈ {6, 7, 9};⌈
m
2

⌉
+
⌈
m
3

⌉
for m = 8 or m ≥ 10 with m(mod 6) 6= 1;⌈

m
2

⌉
+
⌈
m
3

⌉
− 1 for m ≥ 13 with m(mod 6) = 1.

Proof. Case 1, m = 3
Since we have sdiam3(CH3) = 3, we have srx3(CH3) ≥ 3 by (1). Next, we show that

srx3(CH3) ≤ 3 by defining a strong 3-rainbow coloring c : E(CH3)→ [1, 3] as follows.

c(vv11) = c(vv21) = c(v2i v
3
i ) = c(v3i v

1
i ) = 1 for i ∈ [1, 2],

c(vv31) = c(v1i v
2
i ) = 2 for i ∈ [1, 2],

c(vj1v
j
2) = 3 for j ∈ [1, 3].

Case 2, m ∈ {4, 5}
Since we have sdiam3(CHm) = 4, we have srx3(CHm) ≥ 4 by (1). Next, we show that

srx3(CHm) ≤ 4 by defining a strong 3-rainbow coloring c : E(CHm)→ [1, 4] as follows.

c(vvj1) = d
j

2
e for j ∈ [1,m],

c(vj1v
j
2) = 4 for j ∈ [1,m];
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for m = 4,
c(v1i v

2
i ) = 3 for i ∈ [1, 2],

c(v2i v
3
i ) = c(v4i v

1
i ) = 2 for i ∈ [1, 2],

c(v3i v
4
i ) = 1 for i ∈ [1, 2];

for m = 5,
c(v2i v

3
i ) = 3 for i ∈ [1, 2],

c(v1i v
2
i ) = c(v4i v

5
i ) = 2 for i ∈ [1, 2],

c(v3i v
4
i ) = c(v5i v

1
i ) = 1 for i ∈ [1, 2].

The result of the coloring is shown in Figure 3.

Figure 3. Strong 3-rainbow colorings of closed helm graph (a) CH3, (b) CH4, and (c) CH5

Case 3, m ∈ {6, 7, 9}
Subcase 3.1, m = 6

Note that sdiam3(CH6) = 5, thus we have srx3(CH6) ≥ 5 by (1). By Lemma 1.1, we use
dm

2
e colors and by Lemma 2.1, we use additional dm

3
e colors. As a result, for CH6, we use at least

d6
2
e+ d6

3
e = 5 colors.

Suppose that srx3(CH6) = 5, then by Lemma 1.1 and Observation 1.1, we color the inner
spokes and inner rims with 3 colors, and by Lemma 2.1, we color the outer spokes with an addi-
tional 2 colors. The colors of the spokes and inner rims are shown in Figure 4(a).
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Figure 4. Spokes and Inner rims’ color for (a) CH6 with 5 colors and (b) CH6 with 6 colors.

By Lemma 2.2, Lemma 2.4, and Lemma 2.5, the colors which we can color the outer rim with
are shown in Table 2.

Table 2. The colors of outer rims for CH6 if srx3(CH6) = 5

Outer Rim Lemma 2.2 Lemma 2.4 Lemma 2.5 Available
c(v12v

2
2) 6= 4, 5 6= 1 - {2,3}

c(v22v
3
2) 6= 4, 5 - - {1,2,3}

c(v32v
4
2) 6= 4, 5 6= 2 - {1,3}

c(v42v
5
2) 6= 4, 5 - - {1,2,3}

c(v52v
6
2) 6= 4, 5 6= 3 - {1,2}

c(v62v
1
2) 6= 4, 5 - - {1,2,3}

We have six outer rims to color, but we only have three colors available. Suppose that we have
triple vertices v12, v

3
2, v

5
2 , then the Steiner tree consists only of the outer rim edges and has a length

of 4, which means we need at least one additional color for the outer rim. Thus, it’s clear that
srx3(CH6) > 5.

Let us propose a new coloring. We color the spokes and inner rim as shown in Figure 4(b). By
Lemma 2.2, Lemma 2.4, and Lemma 2.5, below are the colors which we can color the outer rim
with, as shown in Table 3.
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Table 3. The colors of outer rims for CH6 if srx3(CH6) = 6

Outer Rim Lemma 2.2 Lemma 2.4 Lemma 2.5 Available
c(v12v

2
2) 6= 4, 5, 6 6= 1 - {2,3}

c(v22v
3
2) 6= 4, 5 - - {1,2,3,6}

c(v32v
4
2) 6= 4, 5, 6 6= 2 - {1,3}

c(v42v
5
2) 6= 5, 6 - - {1,2,3,4}

c(v52v
6
2) 6= 4, 5, 6 6= 3 - {1,2}

c(v62v
1
2) 6= 4, 6 - - {1,2,3,5}

We now have 6 edges to color and 6 colors to use. Then, we are able to define a strong 3-
rainbow coloring of CH6 as shown in Table 4.

Table 4. The colors of edges for CH6

Edges Color
vv11, vv

2
1, v

2
1v

3
1, v

5
1v

6
1, v

5
2v

6
2 1

vv31, vv
4
1, v

1
1v

2
1, v

4
1v

5
1, v

1
2v

2
2 2

vv51, vv
6
1, v

3
1v

4
1, v

6
1v

1
1, v

3
2v

4
2 3

v11v
1
2, v

2
1v

2
2, v

4
2v

5
2 4

v31v
3
2, v

4
1v

4
2, v

6
2v

1
2 5

v51v
5
2, v

6
1v

6
2, v

2
2v

3
2 6

A strong 3-rainbow coloring of CH6 is shown in Figure 5(a). We conclude that srx3(CH6) =
6 = m.
Subcase 3.2, m = 7

Note that sdiam3(CH7) = 5, thus we have srx3(CH7) ≥ 5 by (1). By Lemma 1.1 and Lemma
2.1, we use at least d7

2
e + d7

3
e = 7 colors to color the spokes and inner rims of CH7. The only

edges that are yet to be colored are the outer rim edges. It is clear that we would be able to color
the last 7 edges with 7 colors. We define a strong 3-rainbow coloring of CH7 as shown in Table 5.
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Table 5. The colors of edges for CH7

Edges Color
vv11, vv

2
1, v

2
1v

3
1, v

5
1v

6
1, v

2
2v

3
2 1

vv31, vv
4
1, v

1
1v

2
1, v

4
1v

5
1, v

4
2v

5
2 2

vv51, vv
6
1, v

3
1v

4
1, v

6
1v

7
1, v

6
2v

7
2 3

vv71, v
7
1v

1
1, v

7
2v

1
2 4

v11v
1
2, v

2
1v

2
2, v

3
1v

3
2, v

5
2v

6
2 5

v41v
4
2, v

5
1v

5
2, v

6
1v

6
2, v

1
2v

2
2 6

v71v
7
2, v

3
2v

4
2 7

Figure 5. Strong 3-rainbow colorings of closed helm graph (a) CH6 and (b) CH7

A strong 3-rainbow coloring of CH7 is shown in Figure 5(b). We conclude that srx3(CH7) =
7 = m.
Subcase 3.3, m = 9

Note that sdiam3(CH9) = 6, so we have srx3(CH9) ≥ 6 by (1). By Lemma 1.1 and Lemma
2.1, we use at least d9

2
e+ d9

3
e = 8 colors for CH9.

Suppose that srx3(CH9) = 8, then by Lemma 1.1 and Observation 1.1, we color the inner
spokes and inner rims, and by Lemma 2.1, we color the outer spokes. The colors of the spokes and
inner rims is shown in Figure 6.
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Figure 6. Spokes and Inner rims’ color for CH9 with 8 colors

By Lemma 2.2, Lemma 2.4, and Lemma 2.5, we can color the outer rim as shown in Table 6.

Table 6. The colors of outer rims for CH9 if srx3(CH9) = 8

Outer Rim Lemma 2.2 Lemma 2.4 Lemma 2.5 Available
c(v12v

2
2) 6= 6, 8 6= 1 6= 3, 4 {2,5,7}

c(v22v
3
2) 6= 6, 7 - 6= 3, 4 {1,2,5,8}

c(v32v
4
2) 6= 6, 7 6= 2 6= 4, 5 {1,3,8}

c(v42v
5
2) 6= 6, 7 - 6= 1, 4, 5 {2,3,8}

c(v52v
6
2) 6= 7, 8 6= 3 6= 1, 5 {2,4,6}

c(v62v
7
2) 6= 7, 8 - 6= 1, 2 {3,4,5,6}

c(v72v
8
2) 6= 7, 8 6= 4 6= 1, 2 {3,5,6}

c(v82v
9
2) 6= 6, 8 - 6= 2, 3 {1,4,5,7}

c(v92v
1
2) 6= 6, 8 - 6= 2, 3 {1,4,5,7}

We have 9 edges to color and only 8 colors to use, that means there is at least two edges with
the same color. Suppose that those two edges are colored with one of the inner spokes’ colors
(1,2,3,4,5), we take the outer rim edges with the largest rim distance. Let c(v22v

3
2) = c(v62v

7
2) = 5.

Suppose that we take the triple vertices as {v22, v42, v72}, then the Steiner tree is (v22, v
3
2, v

4
2, v

5
2, v

6
2, v

7
2).

Note that this tree is not a rainbow tree. Notice that we will also run into the same problem if we
use the other colors of the inner spoke.

Our next choice is to use the colors from the outer spokes (6,7,8), but all the possible pairs have
a rim distance of 3. Thus, it is clear that it will not result in a strong 3-rainbow coloring. Then
srx3(CH9) must be ≥ 9.

We define a strong 3-rainbow coloring of srx3(CH9) as shown in Table 7.
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Table 7. The colors of edges for CH9

Edges Color
vv11, vv

2
1, v

2
1v

3
1, v

9
2v

1
2 1

vv31, vv
4
1, v

1
1v

2
1, v

4
1v

5
1, v

1
2v

2
2 2

vv51, vv
6
1, v

3
1v

4
1, v

6
1v

7
1, v

3
2v

4
2 3

vv71, vv
8
1, v

5
1v

6
1, v

8
1v

9
1, v

6
2v

7
2 4

vv91, v
7
1v

8
1, v

9
1v

1
1, v

7
2v

8
2 5

v11v
1
2, v

2
1v

2
2, v

3
1v

3
2, v

5
2v

6
2 6

v41v
4
2, v

5
1v

5
2, v

6
1v

6
2, v

8
2v

9
2 7

v71v
7
2, v

8
1v

8
2, v

9
1v

9
2, v

2
2v

3
2 8

v42v
5
2 9

Figure 7. A strong 3-rainbow coloring of a closed helm graph CH9

A strong 3-rainbow coloring of CH9 is shown in Figure 7. We conclude that srx3(CH9) =
9 = m.

Case 4, m = 8 or m ≥ 10 with m (mod 6) 6= 1
Subcase 4.1, m = 8

Note that sdiam3(CH8) = 5, so we have srx3(CH8) ≥ 5 by (1). By Lemma 1.1 and Lemma
2.1, we use at least d8

2
e+d8

3
e = 7 colors for CH9. Next, we show that srx3(CH8) ≤ 7 by defining

a strong 3-rainbow coloring for CH8, as shown in Table 8.
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Table 8. The colors of edges for CH8

Edges Color
vv11, vv

2
1, v

2
1v

3
1, v

7
1v

8
1, v

3
2v

4
2, v

7
2v

8
2 1

vv31, vv
4
1, v

1
1v

2
1, v

4
1v

5
1, v

4
2v

5
2 2

vv51, vv
6
1, v

3
1v

4
1, v

6
1v

7
1, v

6
2v

7
2 3

vv71, vv
8
1, v

5
1v

6
1, v

8
1v

1
1, v

1
2v

2
2 4

v11v
1
2, v

2
1v

2
2, v

3
1v

3
2, v

5
2v

6
2 5

v41v
4
2, v

5
1v

5
2, v

6
1v

6
2, v

8
2v

1
2 6

v71v
7
2, v

8
1v

8
2, v

2
2v

3
2 7

Figure 8. A strong 3-rainbow coloring of a closed helm graph CH8

We conclude that srx3(CH8) = d82e+ d
8
3
e = 7.

Subcase 4.2, m ≥ 10 with m (mod 6) 6= 1
Note that sdiam3(CHm) = 6, so we have srx3(CHm) ≥ 6 by (1). By Lemma 1.1 and Lemma

2.1, we use at least dm
2
e + dm

3
e colors for CHm. We define the coloring of the spokes and inner

rim as follows.

c(vvi1) =

⌈
i

2

⌉
for i ∈ [1,m],

c(vi1v
i
2) =

⌈m
2

⌉
+

⌈
i

3

⌉
for i ∈ [1,m];

for odd m,

c(vi1v
i+1
1 ) =


⌈
i
2

⌉
+ 1 for odd i ∈ [1,m− 2],⌈

m
2

⌉
for i = m,

i
2

for even i ∈ [1,m− 1];
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for even m,

c(vi1v
i+1
1 ) =


⌈
i
2

⌉
+ 1 for odd i ∈ [1,m− 3],

1 for i = m− 1,
i
2

for even i ∈ [1,m].

Because dm
2
e + dm

3
e < m for m ≥ 10, we have at least two edges in the outer rim with the

same color. Following the coloring from Lemma 1.1, to satisfy Lemma 2.5, it is not possible to
have more than one color α in the outer rim if α is a color from the inner spokes. We have shown
the reasoning from the proof for CH9. As such, the only possible colors are the colors from the
outer spokes, that is, at most

⌈
m
3

⌉
colors.

Subcase 4.2.1, m (mod 3) = 0
We define a strong 3-rainbow coloring of the outer rim edges as follows.

c(vi2v
i+1
2 ) =



⌈
m
2

⌉
+ i+5

3
if i(mod 3) = 1 for i ∈ [1,m− 5],⌈

m
2

⌉
+ i−2

3
if i(mod 3) = 2 for i ∈ [1,m− 1],⌈

m
2

⌉
+ 1 for i = m− 2,⌈

m
2

⌉
+
⌈
m
3

⌉
for i = 2,⌈

m
2

⌉
for i = m,

c(vi1v
i+1
1 ) if c(vvi1) 6= c(vvi+1

1 ),

c(vvi1)− 1 if c(vvi1) = c(vvi+1
1 ).

We attach one of the results of this subcase in Figure 9.

Figure 9. A strong 3-rainbow coloring of a closed helm graph CH12

Subcase 4.2.2, m (mod 3) = 1
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We define a strong 3-rainbow coloring of the outer rim edges for m = 10 as follows.

c(vi2v
i+1
2 ) =



6 for i = 5,

7 for i = 8,

8 for i = 1,

9 for i = 2 and i = 7,

c(vi1v
i+1
1 ) if c(vvi1) 6= c(vvi+1

1 ),

c(vvi1)− 1 if c(vvi1) = c(vvi+1
1 ).

We define a strong 3-rainbow coloring of the outer rim edges for m > 13 as follows.

c(vi2v
i+1
2 ) =



⌈
m
2

⌉
+ i+5

3
if i(mod 3) = 1 for i ∈ [1,m− 3],⌈

m
2

⌉
+ i−2

3
if i(mod 3) = 2 for i ∈ [1,m− 2],⌈

m
2

⌉
+
⌈
m
3

⌉
for i = 2,

c(vi1v
i+1
1 ) if c(vvi1) 6= c(vvi+1

1 ),

c(vvi1)− 1 if c(vvi1) = c(vvi+1
1 ).

We attach some results of this subcase in Figure 10.

Figure 10. Strong 3-rainbow colorings of closed helm graph (a) CH10 and (b) CH16

Subcase 4.2.3, m (mod 3) = 2
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We define a strong 3-rainbow coloring of the outer rim edges for m = 11 as follows.

c(vi2v
i+1
2 ) =



6 for i = 1,

7 for i = 5,

8 for i = 8,

9 for i = m,

10 for i = 2 and i = 7,

c(vi1v
i+1
1 ) if c(vvi1) 6= c(vvi+1

1 ),

c(vvi1)− 1 if c(vvi1) = c(vvi+1
1 ).

We define a strong 3-rainbow coloring of the outer rim edges for m ≥ 14 as follows.

c(vi2v
i+1
2 ) =



⌈
m
2

⌉
+ i+5

3
if i(mod 3) = 1 for i ∈ [1,m− 4],⌈

m
2

⌉
+ i−2

3
if i(mod 3) = 2 for i ∈ [5,m],⌈

m
2

⌉
+
⌈
m
3

⌉
for i = 2,⌈

m
2

⌉
+ 1 for i = m− 2,

c(vi1v
i+1
1 ) if c(vvi1) 6= c(vvi+1

1 ),

c(vvi1)− 1 if c(vvi1) = c(vvi+1
1 ).

We attach some results of this subcase in Figure 11.

Figure 11. Strong 3-rainbow colorings of closed helm graph (a) CH11 and (b) CH14

By observation, it is clear that srx3(CHm) =
⌈
m
2

⌉
+
⌈
m
3

⌉
for m = 8 or m ≥ 10 with m

(mod 6) 6= 1.
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Case 5, m ≥ 13 with m (mod 6) = 1
In this case, we have one outer spoke with the same color as one of the inner spokes’ color

namely color
⌈
m
2

⌉
. Thus, we use at least

⌈
m
2

⌉
+
⌈
m
3

⌉
− 1 colors to color the spokes and inner rims.

We define a coloring of the spokes and inner rims as follows.

c(vvi1) =

⌈
i

2

⌉
for i ∈ [1,m],

c(vi1v
i
2) =

⌈m
2

⌉
+

⌈
i− 1

3

⌉
for i ∈ [1,m],

c(vi1v
i+1
1 ) =


⌈
i
2

⌉
+ 1 for odd i ∈ [1,m− 2],

1 for i = m,
i
2

for even i ∈ [1,m− 1].

We define a strong 3-rainbow coloring for the outer rims as follows.

c(vi2v
i+1
2 ) =



⌈
m
2

⌉
+ i+4

3
if i(mod 3) = 2 for i ∈ [2,m− 5],⌈

m
2

⌉
+ i−3

3
if i(mod 3) = 0 for i ∈ [3,m− 1],⌈

m
2

⌉
for i = m− 2,

1 for i = m,

c(vi1v
i+1
1 ) + 1 if c(vvi1) 6= c(vvi+1

1 ),

c(vi1v
i+1
1 ) if c(vvi1) = c(vvi+1

1 ).

We attach one of the results of this subcase in Figure 12.
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Figure 12. A strong 3-rainbow coloring of a closed helm graph CH13

By observation, it is clear that srx3(CHm) =
⌈
m
2

⌉
+
⌈
m
3

⌉
−1 form ≥ 13 withm (mod 6) = 1.

In conclusion, the theorem is proven to be true.
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