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Abstract

A T'-supermagic labeling of a graph G = (V, E) is a bijection from F to a group I of order |F|
such that for every vertex € V' a product of labels of all edges incident with z is equal to the
same element 1 € I". A I'-supermagic labeling of the Cartesian product of two cycles, C.,,0C, for
every m,n > 3 of the same parity was found recently [5, 6] for all Abelian groups of order 2mn.
In this paper we present a Doj-supermagic labeling of the Cartesian, direct, and strong product of
cycles C,, and C,, by dihedral group Dy, of order 2k for any integers m,n > 3, where 2k is equal
to the number of edges of the respective product.
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1. Motivation

The Cartesian product of two cycles C,,,0C;, can be viewed as the Cayley graph of the group
Zm ® Z, generated by the group elements (1,0) and (0, 1). The following question was asked and
partially answered by several sets of authors. Given the Cartesian product C',,,0C),, with vertex set
V' and edge set F and an Abelian group I' = Z,, & Zy, @ - -+ @ Zj, of order |E| = 2mn, can
the edges be labeled bijectively with elements of I' so that the weight of every vertex is the same
element of I'? The weight of a vertex z is the sum of the labels of edges incident with x. Similar
questions can be (and have been) asked for labelings of vertices and also vertices and edges. Exact
definitions of the above notions are given in Section 2.
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The question was originally studied for labelings of Cartesian products of two cycles by pos-
itive integers in [7] and later extended to labelings by Abelian groups (see, e.g., [3, 4, 5, 6]). A
more detailed overview of the above mentioned results is given in Section 3.

The first attempt to find I'-supermagic labelings of any graphs by non-Abelian groups was
made by the author in [2] where Dsi-supermagic labelings of 4-regular Archimedean graphs by
the dihedral group D, were found.

We continue this effort to find I'-supermagic labelings of some infinite families of vertex-
transitive graphs for non-Abelian groups I'. We again choose dihedral groups. In Section 4 we
present a construction for Ds,,,,-supermagic labeling of the Cartesian product C,,0C), by the di-
hedral group Ds,,,. In Section 5 we do the same for Ds,,,-supermagic labeling of the direct
product C,, x C,, and finally in Section 6 for Dy,,,-supermagic labeling of the strong product
Cn XC,.

Disclaimer. As noted above, the topic of this paper is very similar to the topic of [5] and [6]. Most
of the known results cited in this paper have been also cited in these two papers and the statements
of the cited theorems here are therefore identical. Also, some text in Sections 2 and 3 is taken
directly from [5] or [6].

2. Definitions

For the sake of completeness, we start with the definitions of various products of two graphs.
We start with the Cartesian product.

Definition 2.1. The Cartesian product G = GG;0G, of graphs G; and G5 with disjoint vertex and
edge sets V1, V5, and Ey, E5, respectively, is the graph with vertex set V' = V; x V5 where any two
vertices u = (u1,uz) € G and v = (v1,v,) € G are adjacent in G if and only if either u; = v, and
uy is adjacent to vy in Gg or uy = v, and u; is adjacent to vy in Gj.

Another well known product is the direct product, sometimes also called the tensor or Kro-
necker product.

Definition 2.2. The direct product G = G, x G4 of graphs G; and G5 with disjoint vertex and
edge sets V1, V5, and Ey, Es, respectively, is the graph with vertex set V' = V; x V5, where any two
vertices u = (uy,uz) € G and v = (v1,v9) € G are adjacent in G if and only if u, is adjacent to
v1 in G; and uy is adjacent to vs in Go.

The strong product is just the union of the above two.

Definition 2.3. The strong product G = G1 X G, of graphs GG; and GG with disjoint vertex and
edge sets V7, V5, and Ey, Es, respectively, is the graph with vertex set V' = V; x V5, where any two
vertices u = (u1,us) € G and v = (v, v2) € G are adjacent in G if and only if u is adjacent to v
in G;0G, or w is adjacent to v in G X Go.

The notion of supermagic labeling was also studied under the name of vertex-magic edge la-
beling.
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Definition 2.4. A supermagic labeling of a graph G(V, E') with |E| = ¢ is a bijection f from E
to the set {1,2,...,¢q} such that the sum of labels of all incident edges of every vertex = € V/,
called the weight of x and denoted w(x), is equal to the same positive constant ¢, called the magic

constant. That is,
w(z) =Y flay) =c

zyelE

for every vertex x € V. A graph that admits a supermagic labeling is called a supermagic graph.

There were also some more general forms of edge labelings studied by Sedlacek [9] and Stan-
ley [11, 12]. Stewart [13] introduced the notion of supermagic labeling, where the set of labels
consisted of |E/| consecutive integers. When a supermagic graph is regular, then the edge labels
can start with any positive integer, and therefore are always considered tobe 1,2, ..., |E|.

Definition 2.5. A I'-supermagic labeling of a graph G(V, E) with | E| = ¢ is a bijection f from F
to a group I of order ¢ such that for every vertex x € V' and its incident edges e;, e, . . ., e, there
exists an ordering e;,, €;,, . .., €; for which the weight of x, denoted w(x) and defined as

w(r) = f(ei)f(ei, ) flei)

is equal to the same element p € I', called the magic constant.
A graph that admits a I'-supermagic labeling is called a I'-supermagic graph.

While for Abelian groups the order in which the edge labels are considered is irrelevant, for
non-Abelian groups different orders may produce different weights. It is indeed desirable that the
order for every vertex is in some way predictable or uniform. Although for general graphs it may
be hard to achieve, for many classes of graphs it can be done in a simple way. For instance, when
the graph is drawn in the plane or on the torus. We will provide such definitions later in subsequent
sections.

The dihedral group Dy of order 2k (sometimes also denoted by D) is the group consisting of
k rotations r; and k reflections s;, where the rotations form a cyclic group of order k£ and and each
reflection generates a subgroup of order 2. A more formal definition is below.

Definition 2.6. The dihedral group of order 2k where k > 3, denoted by Dy, is defined on the

set of elements {rg,71,. .., k_1, 80,51, ..,Sk_1} Where ro = e,7; =1, 50 = 5, 8; = ris, s? = ¢
and r's = sr~* forv = 0,1,...,k — 1. The elements r; are called rotations, and s; are called
reflections.

An important property of Dy, will be used in our constructions. If follows directly from the
definition.

Proposition 2.1. In any dihedral group Dy, we have sr's = r~ foreveryi=0,1,..., k — 1.

3. Known results

Research in this area was initiated by Ivanco [7] who investigated labelings with positive inte-
gers. He proved two results.
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Theorem 3.1 ([7]). Let n > 3. Then the Cartesian product C,,0C,, has a supermagic labeling.
Theorem 3.2 ([7]). Let m,n > 4 be even integers. Then C,,0C,, has a supermagic labeling.
Ivanco also conjectured that there exists a supermagic labeling for all Cartesian products C',,,0C,.

Conjecture 1 ([7]). The Cartesian product C,,,0C,, allows a supermagic labeling for any integer
m,n > 3.

Froncek in an unpublished manuscript [1] verified that the conjecture is true also when m, n
are both odd and not relatively prime.

Theorem 3.3 ([1]). Let m,n > 3 be odd integers and gcd(m,n) > 1. Then C,,0C, has a
supermagic labeling.

Froncek, McKeown, McKeown, and McKeown [3] proved a result analogical to Theorems 3.2
and 3.3 for the cyclic group Zs,,,, where at least one of m, n is odd.

Theorem 3.4 ([3]). The Cartesian product C,,0C,, admits a Z,,,-supermagic labeling for all odd
m > 3 and any n > 3.

Notice that Theorem 3.2 implies the existence of Zs,,,,-supermagic labeling for m, n both even.
Therefore, a complete characterization was established.

Later, Froncek and McKeown [4] used a different construction to prove the complete result and
showed that the labeling is different from the one obtained in the proof of the previous theorem.

Theorem 3.5 ([4]). The Cartesian product C,,0C,, admits a Zs,,,-supermagic labeling for all
m,n > 3.

The construction method from [4] was then used by Sorensen [10] and Paananen [8]." Notice
that when mn is even, the group used in the theorem is not cyclic, hence their result is more
general.

Theorem 3.6 ([8, 10]). For any m,n > 3, the Cartesian product C,,,0C,, admits a I"-supermagic
labeling for 1" = Z,,,, & Z.

Paananen [8] and Sorensen [10] also proved some more partial results that were later general-
ized by Froncek, Paananen, and Sorensen [5, 6].

Theorem 3.7 ([5, 6]). Let m,n > 3 have the same parity. Then the Cartesian product C,,0C,,
admits a I'-supermagic labeling by any Abelian group 1" of order 2mn.

The case of m and n having different parity remains open except for the groups Zs,,, and
Zn B L.

"Paananen [8] (2021) and Sorensen [10] (2020) worked on a joint project for their MS theses. While all results
cited here are their joint work, their theses were written and defended independently. Both theses contain Theorem 3.6.
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4. Cartesian products

Now we present a D,,,,,-supermagic labeling of the Cartesian product C,,0C,,.

We use the following notation. We always assume that m < n and the vertices of C,,0C,, will
be denoted by z; ; with 0 <7 <m — 1,0 < 57 < n — 1. We define vertical edges v; ; = x; ;711
and horizontal edges h; ; = x; ;x; j11 for all admissible ¢, j.

A vertex z; ; is then incident with vertical edges v; ; = x; jz;41 ; and v;_y ; = x;_1;%; ;, hori-
zontal edges h; ; = x; jx; j41 and h; j_1 = x; j_17; ; and has neighbors x;_1 j, T; j41, Tit1,5, Tij—1-

We label horizontal edges in each horizontal cycle C), consecutively with elements of one coset
of the subgroup of rotations (r™) of order n and every vertical cycle C,, with elements of a coset
of reflections of order m.

First we define some types of labelings. To make our notation descriptive, we use compass di-
rections and call the edge v;_; ; NORTHBOUND with respect to the vertex x; ; (N for short). Sim-
ilarly, h; ; is called EASTBOUND (E), v; ; is SOUTHBOUND (S), and h; ;—; is WESTBOUND
(W). Hence, when we define the weight w(z; ;) of a vertex z; ; as

w(w; ;) = f(hij—1)f (i) f(hij)f(vicis),

we speak of type WSEN labeling, because we first use the northbound facing edge, then eastbound,
then southbound, and last the westbound.

Definition 4.1. A labeling f of C,,,0C,, is called uniform if for every vertex x; ; the weight w(z; ;)
is calculated in the same way, that is, the sequence of labels of edges v;_1 j, v; j, ki j—_1, h; ; in their
product is the same.

A labeling f is called revolving of type ESWN when

w(wig) = f(hig) (i) f(hij-1)f(vie15).
Now we present an ESWN-type labeling.

Construction 4.2. Revolving Ds,,,,-supermagic labeling of type ESWN.
Let m,n > 3. We label the i-th horizontal cycle consecutively with elements of the coset (r™)r".
That is, with elements 7, 7™+ p2m+i  p(r=Um+i guch that f(h, ;) = rm*.

Similarly, we label the j-th vertical cycle consecutively with elements of the coset (r™)ris.
Namely, with elements r7s, 7"+ s, r2+is . p(m=Untig quch that f(v; ;) = r™"*s.

This way, the weight of a vertex z; ; is given by

w(wij) = f(hij) f(vig)f(hij—1)f(vic1y)
— (ij-i-i) (Tm+j8) (r(j_l)m+i) (T(z‘—l)n-i-js)
_ (rjm+i+in+j) (Srjmfm+i+in7n+j8)

_ (. imtitintg —(jm—m-+it+in—n+j)
= (r )(r )
— rm—i—n’

because by Proposition 2.1, we have sp/m—mFitin=ntig — p=(jm-mitin=ntj)

5
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We illustrate the labeling of edges incident with a vertex x; ; in Figure 1. The vertex and the
incident edges are printed in blue.

p20—1)m+2(i-1) p2im+2(i—1)
) ) )
\/ / N4
Ti—1,j-1 Ti—1, Li—1,j+1
p20i-1n+2(j-1) p2(i-1)n+2j ¢ p2i=1)n+2(j+1) ¢
7,,2(]'—1)771—&—21 T.2jm+22
) ) )
N\ / N
Lij—1 Li,j Li,j+1
p2in+2(j—1) ¢ p2in+2j p2in+2(j+1) ¢
P20 —1)m+2(i+1) r2im+2(i+1)
) ) )
\/ / N4
Tit1,5-1 Tit1,5 Tit1,541

Figure 1. Cartesian product

By constructing the labeling above, we proved the following.

Theorem 4.3. Let m,n > 3 and Ds,,,, be the dihedral group of order 2mn. Then there exists a
revolving Do, -supermagic labeling of the Cartesian product C,,0C,,.

5. Direct products

We use the same vertex notation as in Section 4. This time we define forward diagonal edges
d; ; = ; jTit1 41 and backward diagonal edges b; ; = x; jx;_; j_; for all admissible ¢, j.

A vertex x; ; is then incident with forward diagonal edges d; ; = x; jT;41,;41 and dj—; j_1 =
Ti—1,j—-1%4 5, backward diagonal edges b@j = TijTit+1,5-1 and bifl,j+1 = Ti—1,5+1%45 and has neigh-
bors Ti-1,j-1,Li+1,54+15 Lit+1,5—15 Li—1,5+1-

The cycle containing the edge dy  is called the forward diagonal D, and the one containing the
edge bo g is the backward diagonal B°. Notice that the length of each diagonal is [ = lem(m, n)
and the number of diagonals of the same type is ¢ = ged(m, n). It follows that when m, n are



D-supermagic labeling of products of two cycles with dihedral groups | D. Froncek

relatively prime, there is exactly one diagonal of each type. When g > 1, we denote the diagonals
containing the vertex xo, by D' and B?, respectively.

It is well known (see [14]) that when at least one of m, n is odd, then C,,, x C,, is connected,
and when m, n are both even, then it contains two components.

We label the edges in each forward diagonal D' consecutively with elements of one coset of
the subgroup of rotations (r¢) of order [ and every backward diagonal with elements of a coset of
reflections of order /.

We again define a particular type of labeling. We do not have a good “geographical” description
this time, but the notation should be clear from the definition. A rather awkward description would
be that each X direction is the X direction rotated 45 degrees clockwise. So for instance, N is in
fact NORTHEAST.

Definition 5.1. A labeling f of C,, x C,, is called revolving of type NESW when

w(xz‘,j) = f(bi—l,j—H)f(dz’,j)f(bi,j>f<di—1,j—1)

Construction 5.2. Revolving Do,,,,-supermagic labeling of type NESW.
We label the ¢-th forward diagonal D' consecutively with elements of the coset (r?)r* of order .
That is, with elements rt, 79+t p20+t (=094 quch that f(dy,) = r'.

Similarly, we label the ¢-th backward diagonal B! consecutively with elements of the coset
(r9)rts. Namely, with elements r's, 797ts, r29%ts . rU=D9+ s such that f(by,) = r's.

Calculating the weight of each vertex based on its coordinates would be clumsy. Therefore, we
use the observation that if f(d;_1 j_1) = r® for some a € {0,1,...,mn — 1}, then the next edge
in the same forward diagonal is labeled with f(d; ;) = r®™9. Similarly, if f(b;_1 1) = r’s for
some b € {0,1,...,mn — 1}, then the next edge in the same backward diagonal is labeled with
flbij) = rb+95

This way, the weight of any vertex z; ; is given by

w(xi,j) = f(bi—l,j—H)f(di,j)f(bi,j>f<di—1,j—1)

= (r"s)(r" ") (r"*7s)(r)
= (") (sr* " s) (1)
— (rb)(srﬁb”gs)(r )
_ Tb2< —(a+b+2g) )(r?)

and the weight is independent on the vertex location. Notice that we used Proposition 2.1 that
asserts that sratt+29g — p—(atb+2g)

We illustrate the labeling of edges incident with a vertex x; ; in Figures 2 and 3. The vertex
and the incident edges are printed in blue. We present the labels in two different ways. First with
explicit formulas in Figure 2, and then in Figure 3 with notation corresponding to the explanation
in Construction 5.2.

The theorem below follows immediately for the above construction.

7
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() Ti—1,54+1

pi—it(i—1)g pititigg

(O Tig+1

P+t

(J Tit1,5+1

Figure 2. Direct product with explicit labels

(3 Ti—1,54+1

(3 Ti,j+1

() Tig1,54+1

Figure 3. Direct product with simplified labels

D. Froncek
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Theorem 5.3. Let m,n > 3 and Ds,,,, be the dihedral group of order 2mn. Then there exists a
revolving Da,,,,-supermagic labeling of the direct product C,,, x C,,.

6. Strong products

We use the same notation as in Sections 4 and 5. This time, we construct only a uniform
labeling. We illustrate the strong product without labels in Figure 4.

/

/\l’z‘—l,jﬂ

wdﬂ

\
/
\
/
\
/

J\xi—l-l,j—l

/\w""l’j

Figure 4. Strong product

>

y—kl,j—kl

Definition 6.1. A labeling f of the strong product C,,, X C,, is called uniform of type NESWESWN

when for every vertex x; ; the weight w(z; ;) is calculated as

w($i7j) = f(bi—l,j+1)f(di,j)f(bi,j)f(di—l,j—l)f(hi,j)f(vi,j)f(hi,j—l)f(vi—l,j)-

Construction 6.2. Uniform D ,,-supermagic labeling of type NESWESWN.
We use the labelings constructed before for the Cartesian and direct product and combine them

into one.

Let m,n > 3. We label the :-th horizontal cycle consecutively with the elements of the even
L, r2n=mA2i guch that f(h,;) =

coset (rm)r¥,

,r,2jm+22.

That is, with elements 7%, r

oM+ . A4m-+2i
,T , .
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Similarly, we label the j-th vertical cycle consecutively with the elements of the even coset
(r*™)r%s. Namely, with elements 7% s, r2"+2g p4n+2ig p2m=Un+2ig guch that f(v;;) =
2in42j ¢

Then we label the ¢-th forward diagonal D consecutively with the elements of the odd coset
(r?9)r?+1 of order I. That is, with elements r2*1, p29726+1 pdg+2t41 - 201942641 gych that
f(do,t) — T’2t+1.

Also, we label the ¢-th backward diagonal B* consecutively with the elements of the odd
coset (r29)r?+1s. Namely, with elements 72+, 2912641 g pdgt2tlg p20=Dg+2t+1 5 quch that
F(doy) = r¥+is,

We again simplify the construction as in Construction 5.2. So at any z; ;, we have

r

f(hi,j—1) — 7“2a, f(hl,]) 2a+2m

fviiy,) = r2s Floiy) = F2b+2n
f(difl,j—l) — ,’,,Qqul7 f(dl,j) 2u+2g+1
f(bz—l,j—i-l) = T2v+18, f(bm) p2ot29+lg

for some a, b, u,v € {0,1,...,mn — 1} and g = ged(m, n).
Now the first four labels on the horizontal and vertical edges contribute to the weight of x; ; by

wl(xi,j) = f(h‘ ')f(vi,j)f(hi,jfl)f(vifl,j)
<r2a+2n)( 2b+2n8> (T‘QCL)(T%S)

(7‘2a+2b+4n)( 2a+2b8)

ST
2a+2b+4n —(2a+2b)

=7
T4

The next four labels on the diagonal edges contribute to the weight of z; ; by

w"(wi ) = f(bi-1,j41) f(dig) f(big) f(di-1,5-1)
—_ (r2v+15> (T2u+2g+1)(r2v+29+1s) (T2u+1)
— (r2v+1) (ST2u+2U+4g+28) (T2u+1)

_ T?v+1r—(2u+2v+4g+2)r2u+1

=,

But now we have

w(‘rz,j) - w,/(xi7j>w/($i7j) = ’]"_497»4" — 7,,41’7,—49

for every vertex x; ; and the labeling is Dy,,,,-supermagic.

We illustrate the labeling by showing just a vertex z; ; and the incident edges in 5. We again
use the simplified notation corresponding to the explanation in Construction 6.2.
By constructing the labeling above, we proved the following.

10
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Li-1,j-1 Ti-1,j Ti-1,j+1
r2u+i szS TbS
O r2e
Lij—1 Tij+1
rb+98
Tit1,j-1 Tit1,5 Tit1,54+1

Figure 5. Edge labels in strong product

Theorem 6.3. Let m,n > 3 and Dy, be the dihedral group of order 4mn. Then there exists a
uniform Dy, -supermagic labeling of the strong product C,,, X C,,.

7. Conclusion

We continued research started in [2] by finding uniform revolving Ds,,,,-supermagic labelings
of Cartesian and direct products of two cycles, and a uniform Dy,,,,-supermagic of strong product
of two cycles. According to our knowledge, there have been so far no other attempts to find I'-
supermagic labelings of any graphs for a non-Abelian group I'.

Looking at the results in this paper and in [2], we observe that all graphs with a known Dy~
supermagic labeling are d-regular of degree four or eight. In other words, d = 0 (mod 4). We
do not currently know any d-regular Doy -supermagic graphs for any positive integers k£ and d such
that d = 2 (mod 4). Therefore, we pose the following open problem.

Open Problem. Find a d-regular Dyj-supermagic graph G with 2k edges for positive integers d
and k such that d = 2 (mod 4).

11
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