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Abstract

The first reformulated Zagreb index E' M, (G) of a simple graph G is defined as the sum of the terms
(dy+d,— 2)2 over all edges uv of GG. In 2017, Sarala et al. [3] introduced four new operations(F'-
product) of graphs. In this paper, we study the first reformulated Zagreb index for the F'-product
of some special well-known graphs such as subdivision and total graph.
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1. Introduction

For vertex u € V (G), the degree of the vertex u in G, denoted by d (), is the number of edges
incident with u in G. A fopological index of a graph is a parameter related to the graph; it does
not depend on labeling or pictorial representation of the graph. In theoretical chemistry, molecu-
lar structure descriptors (also called topological indices) are used for modeling physicochemical,
pharmacologic, toxicologic, biological and other properties of chemical compounds [5]. Several
types of such indices exist, especially those based on vertex and edge distances. One of the most
intensively studied topological indices is the Wiener index. Two of these topological indices are
known under various names, the most commonly used ones are the first and second Zagreb indices.

The Zagreb indices have been introduced more than thirty years ago by Gutman and Trinajesti¢

[6]. They are defined as M,(G) = > dg(u)?and My(G) = >  de(u)dg(v). Note that the
ueV(G) weE(G)
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first Zagreb index may also written as M;(G) = Y. (dg(u) + dg(v)). The Zagreb indices
weE(G

are found to have appilications in QSPR and QSAR stlidies as well, see [4]. For the survey on

theory and application of Zagreb indices see [9]. Feng et al.[7] have given a sharp bounds for the

Zagreb indices of graphs with a given matching number. Khalifeh et al. [8] have obtained the

Zagreb indices of the Cartesian product, composition, join, disjunction, and symmetric difference

of graphs.

Furtula and Gutman in [16] recently investigated this index and named this index as forgotten
topological index or F'-index and showed that the predictive ability of this index is almost similar
to that of first Zagreb index and for the entropy and acetic factor, both of them yield correlation
coefficients greater than 0.95. The F-index of a graph G is defined as F(G) = > d&(u) =

ueV(G)
> (dg(u) + dg(v)).
weE(G)

Recently, Shirdel et al.[15] introduced a variant of the first Zagreb index called hyper-Zagreb

index. The hyper-Zagreb index of G is denoted by H M (G) and definedas HM (G) = > (d(u)+
weE(G)

d(v))?. In [15], the hyper-Zagreb indices of the Cartesian product, composition, join and disjunc-
tion of graphs are obtained. The hyper Zagreb indices of some classes of chemical graphs are
obtained in [11, 13, 14]. Pattabiraman and Vijayaragavan have obtained the hyper-Zagreb indices
of some special classes of graphs[20]. Some upper and lower bounds on hyper-Zagreb index for a
connected graph are obtained by Falahati-Nezhad and Azari[19].

Milicevi€ et al. [23] in 2004 reformulated the Zagreb indices in terms of edge-degrees instead
of vertex-degrees EM(G) = . d(e)?, where d(e) denotes the degree of the edge e in G, which

e€E(G)

is defined by d(e) = d(u) + d(v) — 2 with e = uv. The use of these descriptors in QSPR study
was also discussed in their report [23]. Reformulated Zagreb index, particularly its upper/lower
bounds has attracted recently theat tention of many mathematicians and computer scientists, see
[21, 22, 23, 24, 25]. In this paper, we study the first reformulated Zagreb index for the F'-product
of some special well-known graphs such as subdivision and total graph.

2. Main Results

The Cartesian product, G O H, of the graphs G and H has the vertex set V(GO H) = V(G) x
V(H) and (u,z)(v,y)isanedge of GO H ifu = vand zy € E(H) oruv € E(G) and z = y. To
each vertex u € V(G), there is an isomorphic copy of H in G O H and to each vertex v € V(H),
there is an isomorphic copy of GG in GO H. The composition of two graphs GG and H is denoted
by G[H]. The vertex set of G[H] is V(G) x V(H) and any two vertices (u;, v,) and (uy, vs) are
adjacent if and only if w;uy, € E(G) or [u; = ug, and v,vs € E(H)).

For a connected graph G, there are four related graphs as follows:

(i) The subdivision graph S(G) is the graph obtained from G by replacing each edge of G by a
path of length two.

(i) R(G) is obtained from GG by adding a new vertex corresponding to each edge of GG, then
joining each new vertex to the end vertices of the corresponding edge.
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(iii) Q(G) is obtained from G by inserting a new vertex into each edge of GG, then joining with
edges those pairs of new vertices on adjacent edges of .

(iv) The total graph T'(G) has as its vertices the edges and vertices of G. Adjacency in T'(G) is
defined as adjacency or incidence for the corresponding elements of (G, see Figure 1.

G S(@)

R(G) Q(G)

T(G)
Figure 1. The graph G its S(G),R(G),Q(G), and S(G).

Eliasi and Taeri [2] introduced the following four operations of the graphs G; and G5 based on
the Cartesian product of these graphs.

Let F' be one of the symbols S, R, ), or 1. The F-sum G +r H is a graph with the set of
vertices V(G +r H) = (V(G)U E(G)) x V(H) and two vertices (g1, h1) and (g2, ho) of G +r H
are adjacent if and only if g; = g, and hihy € E(H) or hy = hy and g192 € F(G), see Figure 2.
The Zagreb indices of the F'-sum of graphs are obtained by Deng et al. [17]. The F-index of four
operations on some special graphs are computed by Ghobadi and Ghorbaninejad [18]. Eliasi and
Taeri[2] have obtained the Wiener index of four new sums of graphs.

In this sequence, Sarala et al. [3] introduced the following four operations of the graphs G,
and G5 based on the composition of these graphs.

Let F be one of the symbols S, R, Q or T. The F-product of G; and G+, denoted by G1[Gs]r
is defined by F(G1)[Gs] — E*, where E* = {(x,11)(x,y2) € E(F(G1)[Gs])|z € V(F(Gy)) —
V(G1), yiye € E(G2)}, that is, G1[G5]r is a graph with the set of vertices either [z, = x5 €
V(G1) and 1192 € E(G3)] or [x129 € E(Gy) and y1,y2 € V(G3)], see Figure 3. Sarala et al. [3]
have obtained the Zagreb indices of F'-product of graphs.
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G H
[, 1)
(w, ,3“ W
(e, v) (f.v) (g.v)
G+sH G+rH
G i H G+ H

Figure 2. The graph G, H, and its G +r H

First we compute the first reformulated Zagreb index of the graph G1[G]s.

Theorem 2.1. Let G; be a graph with n; vertices and m; edges, i = 1,2. Then

EMl(Gl[GQ]S> = anM(GQ) + H%F(Gl) + 271%(47712 + ’I’LQ(QTLQ - 2)>M1(G1> + (10m1n2 -

4ny )M (G3) + 2n2m(2ny — 2)? + 4nymsg + 16(ny — 2)mymans.

Proof. Let {x1,x2,..., 2, } and {y1,v2, ..., yn, } be the vertex sets of G; and G, respectively.
From the definition of first reformulated Zagreb index and the structure of the graph G1[Gs]s, we

have

2
EM,(G1[Gals) = > (devieas (@1, 9) + dayeus (22, 10)) - 2)
(z1,91)(%2,y2) EE(G1[G2]s)

- Z Z (dGl[GQ}s((UCh 1)) + dayjcas (T2, 12)) — 2)2

z1=22€V(G1) 11y2€E(G2)

T Z Z Z (dGl[G2 .771, yl)) + dG1[G2]s(($2; y2)) — 2)2

2122€E(S(G1)) y1€V(G2) y2€V(G2)
= Al + A27

where A, and A, are the sums of the terms, in order.
We shall calculate A; and A, of (1) separately. First we calculate the sum

A= S Y (oo m) +dee () ~2)

z1=x2€V (G1) y1y2€E(G2)
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f I if
G "
z, 1)
(2. v)
) (fo)  (9:v)
(‘;I!.{Ih (T‘l!i’lH
GlH]q Gl H)r

Figure 3. The graph G, H, and its G[H| .

For each vertex (z;, y;) in G1[G3]s, the degree of (z;,y;) is nede, (x;) + dg, (y;). Thus

D D)

1€V (G1) y1y2€E(G2)

(
= Y Y (el + (esw) + dey ) —2)
(

nadgs (00) + iy () + nade, (1) + desy (42) — 2)

1€V (G1) y1y2€E(G2)

= 22

1€V (G1) y1y2€E(G2)

(das (1) + do (92)) = 8nada, (21) — 4(day () + day (12)) )

4n2dG1 271 (dG2 (yl) + dG2 (yQ))2 +4+ 4n2dG1 ('Tl)

From the definitions of first and hyper-Zagreb indices, we obtain:
A1 == 4n%m2M1(G1) + anM<G2) -+ (8n2m1 — 47’L1)M1 (Gg) + 4’/'le2 - 16n2m1m2.
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Next we find the value of the sum As.

Ay = Z Z Z (dGl[GQ $1, yl)) + dGl[GQ}S((xQ, yQ)) — 2)2

z122€E(S(G1)) 11€V(G2) y2€V(G2)

DS S () + e ) - 2)

y1€V(G2) y2€V(G2) z1€V(G1),e€E(Gr)
x1 and e are incident in G

= Z Z Z (ngdG1 (1) + day (Y1) + 2ng — 2)2

y1€V(G2) y2€V(G2) z1€V(G1),e€E(G1)
x1 and e are incident in G

= D 2. 2 da(w) (ngdal(ml)z +de, (y1)” + (2n2 — 2)°

Y1 EV(GQ) yQEV(GQ) .’EGV(Gl)
+2n9dg, (x1)da, (Y1) + 2n2(2ns — 2)dg, (1) + 2(2ny — 2)dg, (y1)>.
By the definitions of F'-index and first Zagreb index, we get

A2 = ngF(G1> + (4”37712 + 271%(2712 — 2))M1 (Gl) + 27127TL1M1 (Gg) + 2m1n§(2n2 — 2)2

“‘8(2712 — 2)n2m1m2.

[

Adding A; and A,, we obtain the required result.

Next we obtain the first reformulated Zagreb index of the graph G1[G3]r.

Theorem 2.2. Let G; be a graph with n; vertices and m; edges, i = 1,2. Then EM,(G1[Gs]r) =
4n2HM(G1) + anM(G2> + 4711%F(G1) + 8n2(5m2 — ’I”Lg)Ml(Gl) (20n2m1 — 4711)M1(G2) +

4myn3 — 8myms(my + 8ny — 2n3).

Proof. By the definition of first reformulated Zagreb index and the structure of G1[G2]g,

2
EM;(G1[Galr) = > (deieatn ((@1,90) + e a2, 12)) — 2)
(z1,91)(22,92) EE(G1[G2]R)

- Z Z (dGl[Ga]R((ﬂfla Y1) + dayca)r (T2, 42)) — 2)2

z1=x2€V(G1) y1y2€E(G2)

™ Z Z Z (dGl[GZ $1,y1)) + dG1[G2]R<<x2; y2)) - 2)2

z122€E(R(G1)) y1€V(G2) y2€V(G2)
= A+ Ay, ()

where A; and A, are the sums of the terms, in order.
We shall obtain the value of A; and A, of (2) separately.
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- Z Z (dGl[Gle((xhyl)) + day (o) n (T2, 42)) — 2)2

z1=22€V(G1) y192€E(G2)

= Z Z (nzdR(Gl)(iﬁ) +da, (Y1) + n2drc) (1) + da, (y2) — 2>2

1 EV(Gl) ylyQEE(GQ)

= Z Z (4n2dG1(:c1) + (da, (y1) + da, (y2)) — 2)2

1€V (G1) y1y2€E(G2)

= > > (16”3616'1(931)2 + (day (y1) + day (y2))* + 4

21€V(G1) y1y2€E(G2)
+8nade, (1)(de, (1) + da,(y2)) — 16nade, (21) — 4(da, (y1) + de, (yz))>
= 16n%m2M1(G1) + anM(GQ) + (167127’)11 — 4”1)M1(G2) + 4n1m2 - 32n2m1m2.

H= Y Y Y (o) + doe (@) —2)

z122€E(R(G1)) y1€V(G2) y2€V(G2)

= Y Y Y () ) ~2)

y1€V(G2) y2€V (G2) z122€V(G1)

+ Z Z Z (d<x17 Y1) + d(z2,y2) — 2)2

y1€V(G2) y2€V(GQ) xleEE(R(Gl))
21€V(G1), 226V (R(G1))~V (G1)

Al + A3, (3)

= Y Y Y () ) -2)

y1€V(G2) y2€V(G2) z122€V (G1)

= Y Y (e @)+ dey(n) + nadny(es) + dey(u) —2)

€V (G2) y2€V(G2) 21226V (G1)

= Y Y S (2mede ) + dey () + 2mades (e2) + dy ()~ 2)

y1€V(G2) y2€V(G2) z122€V (G1)

= > > X (4n§(dc1(x1>+dcl<xz))2+dcz(y1)2+d02(y2)2+4

y1€V(G2) y2€V(G2) z122€V (G1)
+2dG2 (yl)dG2 (y2> - 4dG2 (yl) - 4dGz <y2) + (4n2dG2 (yl) + 4n2dG2 (y2) - 8n2)

(dgy (21) + dgi (22) )
= 4H§HM(G1) + 2m1n2M1 (Gg) + 4n2(4m2n2 - 2713)M1 (Gl) + my (471% - 8m% — 16n2m2).

—
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and

Ay = Z Z Z <d($1,yl) + d(x2,y2) — 2>2

y1€V(G2) y2€V (G2) z122€ E(R(Gh))
1€V (G1),22€V(R(G1))—V(G1)

= Z Z Z <7”L2dR(G1)(ZL’1) + ng (yl) + TLQdR(Gl)(l’g) — 2)2

y1€V(G2) y2€V(G2) z172€ E(R(G1))
1 GV(Gl), IzGV(R(Gﬂ)*V(Gl)

= 2 2 2 (2mades (1) + de () + 205 —2)

y1€V(G’2) y2€V(G2) xleEE(R(Gl))
1€V (G1),22€V(R(G1))—V (G1)

- Z Z Z de, (1) (4n§dal(x1)2 +da, (y1)? + (2ny — 2)?

Y1V (G2) y2€V (Ga) 21€V(G)
HAnsde, (1)da, (1) + 4na(202 = 2)dg, (21) + 220z = 2)das (11) )
= 4nyF(G1) + 2mina My (Gy) + 8(2ng — 2)ngmyms + (8namy + 4nj(2ny — 2)) M (GH).
From A, and A}, we have Ay = 4nsHM (G1) + 4n3F(G1) + 4mina My (Gs) + 8n3(3my —

ng)Ml(Gl) + 4”%7’”1 — 8m1m2(m2 + 4TL2 - 271%)
Using (2) and the sums A;,A> we obtain the desired result. O

Next we find the first reformulated Zagreb index of G1[G2]g.

Theorem 2.3. Let G; be a graph with n; vertices and mi edges, i = 1,2. Then EM,(G1]|G2)g) =
277,2HM(G1) + anM<G2) + 3n§F(G1) + n2( ( (G1)) + 2%2(4712 — 2)M1( (G1))) +
n2(16m2 — 8712 — 2)M1 (G1> (1On2m1 4711)M1(G2) + 4n2M2(G1) + 4n1m2 + 8”277’11 (n2
4my) — nimy (4ny — 2)%

Proof. By the definition of first reformulated Zagreb index,

EMi(Gi[Galq) = Z <dG1[G2]R((x1’ y1)) + dGl[Gz}Q(("E%yQ)) - 2>2

(z1,91)(22,92)€E(G1[G2]Q)

- Z Z (dcl[Gz]Q((%a Y1) + dayja)o (T2, 42)) — 2)2

21=x2€V (G1) y1y2€E(G2)

- Z Z Z <dGl[Gz xl,yl))+dcl[c:2]@((932,y2))—2)2

2122€E(Q(G1)) y1€V(G2) y2€V(G2)
= A1+ Ay, 4)

where A, and A, are the sums of the terms, in order.
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We shall calculate A; and A, of 4 separately.

Al —

Z Z <dG1[G2}Q(($17y1)) + dey6a)o (72, 42)) — 2>2

$1=x2€V(G1) ylyQEE(Gg)

Z Z (nde(Gl)(ﬂﬂl) + da, (y1) + n2dgay) (w1) + day (y2) — 2>2

z1€V(G1) y1y2€E(G2)

Z Z <2n2dG1($1) + (day (11) + dey (y2)) — 2)2

1€V (G1) y1y2€E(G2)

> 2 (4”36501 (1) + (dey (y1) + das (92))* + 4

1€V (G1) y1y2€E(G2)
HAnsde, (21)(dey (1) + dea () — Snada, (21) = 4(de (1) + e (10)))
4n§m2M1(G1) + NIHM(GQ) + (8n2m1 — 4n1)M1 (Gg) + 4n1m2 — 16n2m1m2.

- Z Z Z (dG1 GQ]Q xl? yl)) + dG1[G2}Q(($27 yQ)) — 2)2

xleGE(Q(Gl)) Y1 GV(GZ) y2€V(G2)

DD > (dCer, ) + ez, 1e)) —2)

1 €V(G2) y2€V(G2) z122€E(Q(G1))
z1€V(G1), 22€V(Q(G1))-V(G1)

- Z Z Z (d(:l:1,y1) + d(xg,y2) — 2)2

y1€V(G2) yzGV(Gz) x112€E(Q(G1))
x1, Z’QEV(Q(Gl))—V(Gl)

= Ayt A,
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> > 3 (d(rm)) + () —2)

y1€V(G2) y2€V(G2) r122€E(Q(G1))
z1€V(G1),z2€V(Q(G1))-V(G1)

Z Z Z (nQdQ(Gﬂ(‘Tl) +da, (y1) + nQdQ(Gl)(:)Sg) — 2)2

y1€V(G2) y2€V(G2) z122€E(Q(G1))
z1€V(G1),22€V(Q(G1))-V(G1)

Z Z Z <n2dGl (xl) + dG2 (yl) + nde(Gl)(q;Q) — 2)2

1 €V(Ga) y2€V(Ga) z122€E(Q(G1))
z1€V(G1), 22€V(Q(G1))-V(G1)
> X > (e, (21)? + (e () = 22 + ndrr (a2)
yIEV(GQ) yQGV(GQ) IIIQGE(Q(Gl))

1€V (G1), z2€V(Q(G1))-V(G1)
+2n5dg, (21)(dey (1) — 2) + 2n3de, (21)dgey) (22) + 2n2(da, (Y1) — 2)dQ(G1)('T2)>
TL;lF(Gl) + 2713(27712 — 2n2)M1(G1) + 2n2m1(]\/[1(G2) + 4712 — 8m2)

+ Z Z Z (n%dQ(Gl)(x2)2 + (2n§dG1 (5(]1)

y1€V(G2) y2€V(G2) z122€E(Q(G1))
1€V (G1),22€V(Q(G1))-V(G1)

+2n2(da, (Y1) — 2))dQ(G1)(x2))

One can see that for a vertex zo € V(Q(G1)) — V(G1), dgay)(w2) = dg,(x) + dg, (w), where
x9 = zw € E(Gy). Thus

AIQ = H%F(Gl) + 2%%(27712 — 2n2)M1(G1) + 2n2m1(M1 (Gg) + 47%2 — 8m2)

DYDY > (mB(dor () + o, ()

1 €V(G2) y2€V(Ga) z122€E(Q(Gh))
z1€V(G1), 22€V(Q(G1))-V(G1)

+2n3dg, (21)(de, (%) + da, () + 2na(de, (y1) — 2)(de, (2) + da(?ﬂ)))
= ngF(Gl) -+ 271%(27’”2 - 2n2)M1(G1) + 2n2m1(M1 (GQ) + 4722 - 8m2)
= 2”3HM(G1) -+ 3n§F(G1) -+ 12”%(717,2 — nQ)M]_(Gl) + 2n2m1M1(G2)
+4H§M2(G1) + 2m1n2(4n2 — 8m2)
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Ay = Z Z Z <d(371, Y1) + d(w2,y2) — 2>2

y1€V(G2) y2€V(G2) xleEE(Q(Gl))
x1, CEQEV(Q(Gl))—V(Gl)

- Z Z Z <”2dQ(G1)($1) + nadgay) (T2) — 2>2

N €V(G2) y2€V(G2) r122€E(Q(Gh))
z1,22€V(Q(G1))-V (G1)

= nj > (”2(d61(wz‘) +dg, (wy)) + na(de, (w;) + da, (wi)) — 2>2

wiw; wiwipEE(G1)
= ng Z <n2dL(G1)(Xi) + ngdL(Gl)(Xj) + 4ny — 2)
XiX;€E(L(G1))
where X; and X are vertices of L(G1)
=3 Y (mdue(X0) + iy (X)) + (ng — 2)

XinEE(L(Gl))

2
)

+2n9(4ny — 2)(dpey (Xi) + dL(G1)(Xj))>

M, (G

= n’ (ngHM(L(Gl)) + 2(4ng — 2)na M, (L(G1)) + (4ng — 2)%% — m1)>
From the sums A}, and A}, we have Ay = 2n3H M (G1)+3n3F (G1)+n3(12my—8ny—2) M, (G)+
2n2m1M1(G2) + 4H%M2(G1) + n%(n%HM(L(Gl)) + 2’[12(4712 — 2)M1(L(G1))) + 2m1n2(4n2 —
8my) — namy(4dng — 2)2.
Adding A; and A,, we get the desired result. [

Finally, we obtain the first formulated Zagreb index of G1[Gs] .

Theorem 2.4. Let G; be a graph with n; vertices and m; edges, i = 1,2. Then EM,(G1|G2|r) =
10n3HM (G1)+ni HM (Go)+4n2F(Gy)+nsH M (L(G1))+2n3(4ny—2) My (L(G1))+(32n3ma+
16n9mg — 1613 — 8n3 +2(2ny — 1)2) M1 (G1) + (20myng — 4ny ) M1 (G) +4nymo — 8myms (8ny +
my) — namy((4ny — 2)? — 12).
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Proof. By the definition of first formulated Zagreb index,

2
EM\(G1|Geo]r) = > (dcl[GQ]T((ﬂﬁla 1)) + da, (6o (22, 92)) — 2)
(#1,91)(w2,y2)EE(G1[G2]T)

= 2 2. (dcl[czh((aﬁl, 1)) + den oty (22, 42)) — 2>2

$1=x2€V(Gl) ylyQEE(Gg)

+ Z Z Z (dGl[Gg]T r1,91)) + dcl[GﬂT((mg,yQ)) — 2)2

122€E(T(G1)) y1€V(G2) y2€V (G2)

- Z Z (dGl[GQ}T((JCla Y1) + dayjcn)r (T2, 92)) — 2)2

x1=x2€V(G1) ylyQEE(Gz)

DD (D D 2

y1€V(G2) y2€V(G2) wi1z2€E(G1) z122€E(T(G1))
1€V (G1),22€eV(T(G1))-V(G1)

+ > ) (dGl[Gz]T((fEh Y1) + dey ) (22, 42)) — 2)2

z122€E(T(G1))
z1,22€V(T(G1))-V(G1)

= A+ A+ A3+ Ay, ®)

where A, to A, are the sums of the terms, in order.
We shall calculate A; to A4 of 5 separately. A similar arguments of A; and A} in Theorem 2.2, we
have

A= Z Z <dG1[G2]T((x1,yl)) + dG1[G2]T<<1’2, y2)> _ 2)2

z1=22€V(G1) y1y2€E(G2)
= 16n§m2M1(G1) + anM(GQ) + (167127711 — 4711)M1(G2) + 4n1m2 — 32n2m1m2.

and

A= Y ) >, <dGl[G2]T((951>y1))+dG1[G21T((fU2,y2))—2>2

€V (G2) y2€E(G2) z122€ E(G1)

= 4AnsHM(G1) + 2ming My (Ga) + dny(dmany — 2n3) M1 (G1) + mi(4n3 — 8m3 — 16nms).

46



Four new operations related to composition and ... | K. Pattabiraman and A. Santhakumar

A3 = Z Z Z (dGl[GQ]T<<:C17 yl)) + dGl[GﬂT((mQ? y2)) - 2)2

y1€V(G2) yzGE(GQ) xleEE(T(G1))
1 EV(Gl), CEQEV(T(Gl))—V(Gl)

- Z Z Z (dT(Gl)(xl) +da, (y2) + drcy)(22) — 2>2

y1€V(G2) y2€E(G2) z122€E(T(G1))
1€V(G1), 22€V(T(G1))-V(G1)

= > X > (dnen (@0)? + (Ao (12) = 1 + dogany (@2

y1€V(G2) yQGE(Gz) mlmzéE(T(Gl))
1€V (G1),22€V(T(G1))—V(G1)

2
+2d g (1) (da, (Y2) — 2) + 2(da, (y2) — 2)doa)(x2) + QdR(Gl)(iﬂl)dQ(Gl)(ﬁﬁz))

= Z Z Z <4dG1(l‘1)2 + (day (y2) — 1)* + doay) (2)°

y1€V(G2) yQGE(GQ) mlmzéE(T(Gl))
1€V (G1),22€V(T(G1))—V(G1)

2
+de, (21)(dey (y2) — 1) + 2(de, (y2) — Ddga)(w2) + ZdR(Gl)(xl)dQ(Gl)(x2)>
= 4n§F(G1) -+ 2n2m1M1 (GQ) + 67L§HM(G1) + (16”2777,2 — 16n§)M1(G1) + 8m1n2(n2 — ng)

A similar argument of A7 in Theorem 2.3 , we obtain

A=Y X S (oo (o) + dee, (@2 2) —2)

y1€V(G2) y2€V(G2) r122€E(Q(G1))
$1,$2€V(Q(G1))—V(G1)

M, (G
= n (ngHM(L(Gl)) + 2ny(dny — 2)My(L(G1)) + (4ny — 2)%( 1(2 ) _ m1)>.
Adding the sums A; to A4, we get the desired result. ]
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