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Abstract

Assume G is a graph that is simple, undirected, and connected. If every edge label is a positive
integer in the range 1 to k., and every vertex label is a non-negative even number from 0 to 2k,
then a graph G is considered to have an edge irregular reflexive k-labeling, where k is defined
as the maximum of k. and 2k,. The edge weight w;(ab) in the graph G, for the labeling J, is
defined as the function w; applied to the edge ab. The symbol res(G) denotes the reflexive edge
strength, which is the largest label of the smallest £. The results of this research are as follows:
res(SLy,) form > 2is [22=2] for 3m — 3 # 2,3 (mod 6), and [2%=2] + 1 for 3m — 3 = 2,3

(mod 6). res(Cp, ® Ny,) forn > 2, m > 11is [222E£20=1] for 2nm + 2n — 1 # 2,3 (mod 6),

and (%W + 1 for2nm +2n —1=2,3 (mod 6).

Keywords: Reflexive edge strength, slanting ladder graph, corona of centipede and null graph
Mathematics Subject Classification : 05C38, 05C78

1. Introduction

Assume a simple undirected graph G in this article. The given graph G has a set of ver-
tices V(G) = {v1,vq,...,0,}, where V is a finite non-empty set and a set of edges E(G) =
{e1,ea,...,€,}, which may be empty. A graph labeling is described as a function that maps the
components of a graph (vertices and edges) to a set of positive or non-negative integers as the
codomain [11].
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A total irregular k-labeling can be classified into two categories: one for the labeling of vertices
and the other for the labeling of edges [6]. A new idea of total irregular k-labeling is proposed,
specifically referring to the edge irregular k-labeling of both vertices and edges in the graph G
[5]. In a graph G, an edge irregular reflexive k-labeling is defined when each vertex is mapped to
an even integer ranging from 0 to 2k, while the labeling of each edge involves a positive integer
ranging from 1 to k.. Thus, the weight of each edge is distinct, where £ is defined as the maximum
of k. and 2k,. The edge weight w;(ab) in the graph G, for the labeling ), is defined as the function
wy applied to the edge ab. The function w;(ab) denotes the total obtained by adding the vertex
label of a and b, and the edge label of ab, expressed as w;(ab) = A(a) + A(ab) + A(b). The notation
res(QG) represents the reflexive edge strength, defined as the maximum label of the smallest & [4].

This paper examines res(G) of the slanting ladder graph (SL,,) where m > 2 and corona of
centipede and null graph (Cp, ® N,,) where n > 2 and m > 1. To obtain a lower bound of
res(G), we have the inequality given in Lemma 1.1. [4].

Lemma 1.1.
{@] . for|E(G) #£2,3 (mod 6),
res(G) >

PE(SGW +1, for|E(G) =23 (mod 6).

Several studies on certain graphs have been conducted, including tadpole graph 7}, ; and 75, o
[8], the corona of a path graph and another graph, such as P, ® K; and P, ® P, [1], umbrella
graph Us,, and Uy, [7], and others. In this paper, we will determine res(SL,,) for m > 2 and
res(Cp, ® N,,) forn > 2 and m > 1.

2. Main Result

2.1. Slanting Ladder Graph

A slanting ladder graph, denoted by S'L,,, is the graph obtained by taking two path graphs U,,
and V,,, then connecting the vertex u, to the vertex v,; with an edge, where p = 1,2,3,...,m
[9]. The slanting ladder graph is a connected graph in which the set of edges is composed of the
pairs uptp1, UpUpt1, and vyv,4q foreach 1 < p < 'm — 1, while the set of vertices consists of the
pairs u, and v,, for each 1 < p < m. The slanting ladder graph has an order of |V (SL,,)| = 2m
and a size of |E(SL,,)| = 3m — 3. The slanting ladder graph S L,, is illustrated in Figure 1.

U Uy Uz Uy Um-1 Um
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\\
\\
U1 V2 U3 2 Um-1 Um

Figure 1. Slanting ladder graph SL,,
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Theorem 2.1. For SL,, with m > 2,

dm3 for 3m — 3 # 2,3 d 6),
res(SLy) = [3 3 j ’ or3m —3#2,3  (mod 6) (1)
[#m=3] 41, for3m —3=2,3 (mod 6).
Proof. Since |E| of SL,, is 3m — 3, then by Lemma 1.1 we obtain
Sm—3 for3m —3# 2,3 d 6),
res(SLy) > (3 33L or3m =3%2,3  (mod 6) (2)
[3m=3] 41, for3m —3=2,3 (mod 6).

In the next step, we will establish the upper bound of res(G) for the slanting ladder graph SL,,
where m > 2. We define a A k-labeling for the slanting ladder graph SL,, where k = [32=2]
when 3m —3 # 2,3 (mod 6) and k = [22=3] +1 when 3m — 3 = 2,3 (mod 6) in the following
manner.

For the vertex labeling of v, and u, where 1 < p < m, we use the following,

0, for p = 2,
Avp) = < p, for p even, p # 2,
p—1, forpodd.

M) = p—1, forpodd,
b P, for p even.

The labeling of the edges v,vp41, Upvpt1, and upuy,yq for 1 < p < m— 1, we use the following,

ANuyupe1) = D, for p=1and 2,
Pp p—2, forp+#1and2.

2, forp =1,
p—1, forp#1.

Aupvpr1) = {

Muptpi1) = p.

Based on labeling obtained, the maximum label, which serves as the upper bound res(SL,,) is
found at vertex u, with p = m

Mum) =

m — 1, for m odd,
{ 3)

m, for m even.

It is shown that the upper bound of res(SL,,) in (3) satisfies the right side of (2) as follows: For
A(ty,) = m—1, when m is odd, we show that m — 1 satisfies F’"’g—_?’] for 3m—3 # 2,3 (mod 6). As
m is an odd number, we express it as m = 2k + 1, where k represents an integer. Substituting this

value of m into the expression 3m — 3, we get 3m — 3 = 3(2k+ 1) —3 = 6k = 0 (mod 6). Thus,
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it is concluded that m — 1 satisfies the equation for odd m. Meanwhile, for A(u,,) = m, when m is
even. We show that m satisfies [ 222 +1 for 3rm — 3 = 2, 3 (mod 6). Since m is even, let m = 2k
be an integer k. Substituting m into 3m — 3, we have 3m — 3 = 3(2k) — 3 = 6k — 3 = 3 (mod 6).
Therefore, it is concluded that m — 1 satisfies the equation for even m.

Based on the two cases discussed above, it can be concluded that if the upper bound satisfies
the right side of (2), we obtain

3m—3

f —3#2
res(SL,,) < l 3_J ’ or3m—3#2,3 (mod 6),
[#m=3] 41, for3m —3=2,3 (mod 6).

After showing the lower and upper bounds of res(SL,,), we obtain the largest labels for the
vertices and edges are k. The edge weights of the slanting ladder graph SL,, are as follows.

wi(VpUpt1) =3p —2, for1 <p <m — 1.
we(upvpi1) =3p—1, forl <p <m — 1.
w(uptpyr) = 3p, for1 <p <m —1.

From this, we can deduce that every edge in the slanting ladder graph S L,,, has a unique weight.
The upper bound of SL,, is equivalent to the lower bound of SL,,,, thus Theorem 1 is proven. L[]

The edge irregular reflexive 4-labeling for SL,,, with m = 4, as shown in Figure 2.

Figure 2. The SL,, graph for m = 4 with edge irregular reflexive 4-labeling.

The edge and vertex labels are represented by blue numbers, the edge weights are shown using
red numbers, and the vertex names are indicated by black letters in Figure 2. From Theorem 1, we
obtain res(SLy) = 4.

2.2. Corona of Centipede and Null Graph

A null graph, represented by N,,, consists of m vertices and no edges, meaning that | E(N,,)| =
0 [2]. A centipede graph, denoted by C'p,,, a graph is formed by taking a path graph P,, and a null
graph N, then an edge connects the p-th vertex of P, to the p-th vertex of /V,,, [3]. Based on the
definition of the corona [10], a graph denoted as C'p,, ® N,,, called the corona of the centipede graph
and the null graph, is obtained by combining C'p,, with |V (Cp,,)| copies of N,,, then connecting
each vertex v, € V(Cp,) to each vertex of the p-th copy of N,, for 1 < p < |V(Cp,)|. Figure 3
illustrates the corona product of the centipede and null graph Cp,, ® N,,,.
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U1 Uz Um Uz1 Uzp Upm U3y Uzz Uzm Un1 Unz Unm
Uy Us Un
U1 U3 Un
Vi1 Vi2 Vim V21 V22 Vom V31 V32 V3m Uni Vn2 Unm

Figure 3. Corona of centipede and null graph Cp,, ® N,

Theorem 2.2. For Cp,, ® N,, wheren > 2 and m > 1,

Znmt2n1] for2nm +2n—1#2,3 (mod 6)
res(Cp, ® Np,) = b 7 | ’ 4
(Cp ) { [2rmd2n=ll 4] for2nm+2n—1=2,3 (mod 6). @
Proof. Since |E| of Cp, ® N,, is 2nm + 2n — 1, then based on Lemma 1.1 obtained
Znmtdn—l ] for 2nm +2n —1#2,3 (mod 6)
es(Cp, © Np,) > b ’ ’ , .
res(Cp ) = {"an—‘g?n—l—‘ +1, for2nm+2n—1=2,3 (mod 6). ©)

In the next step, we will prove the upper bound of res(G) for the graph C'p,, © N,,, where n > 2
and m > 1. We construct the labeling X as the k-labeling for the Cp, ® N,,, where k = [2m42n=1]
when 2nm+2n—1# 2,3 (mod 6), and k = [222£20=11 4 ] when 2nm+2n—1 = 2,3 (mod 6),
in the following manner.

For the vertex labels v, and u, where 1 < p < n,

(

0, forp =1,
2pm forp=2,m=0 (mod 3),
w, forp=0 (mod 3), m > 1and
o) =14, forp=1,2 (mod 3),m=2 (mod3),p# 1,
=2 forp=1 (mod3),m=0 (mod3),p#1
andp=2 (mod3),m=1 (mod 3),
w, forpm=1 (mod 3),p# 1 and
p=2 (mod3),m=0 (mod3),p#2.
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m,

m — 1,
2pm+-2p
3 Y

2pm+2p—2
3 Y

2pm~+2p+-2
3 )

\

for p = 1, m even,
forp =1, m odd,

Vertex label v, , and u, , for1 <p <nand1 < g <m,

p

3 Y

2pm—+2p+2
3

Y

forp=0 (mod 3), m > 1and

p=1,2 (mod3),m=2 (mod3),p#1,
forp=1 (mod3),m=0 (mod3),p#1
andp=2 (mod3),m=1 (mod 3),
forp,m=1 (mod 3),p# 1 and

p=2 (mod3),m=0 (mod 3).
forp =1,
forp=2,m=0 (mod 3),
forp=2,m=1 (mod 3),
forp=2,m=2 (mod 3),
forp=0 (mod 3), m > 1and

p=1,2 (mod3),m=2 (mod3),p#1,2,
forp=1 (mod3),m=0 (mod3),p#1
andp=2 (mod3),m=1 (mod 3),p #2,
forp,m=1 (mod 3),p # 1 and

p=2 (mod3),m=0 (mod3),p#2.

for p = 1, m even,

for p = 1, m odd,

(mod 3), m > 1 and

(mod 3),m =2 (mod 3),p # 1,

(mod 3), m=0 (mod 3),p#1

(mod 3),m=1 (mod 3),
(mod 3),p # 1 and

(mod 3),m =0 (mod 3).

forp =10
p=1,2
forp=1
andp =2
forpm=1
p=2
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Edge label v,v,41 for1 <p <n —1,

( 2m+6

6 forp=1and2,m=0 (mod 3),
Imid forp=1and2,m =1 (mod 3),
2 forp=1and2,m=2 (mod 3),
2pm*§m+2p7 forp,m =0 (mod 3) and
Nt = p=2 (mod3.m=1 (mod )92
m=2mt2pd - forp=0 (mod3),m=1 (mod 3)and
p=2 (mod3),m=0 (mod3),p#2,
m-2mi%-2  forp=1 (mod 3),m>1,p+# 1and
\ p=0,2 (mod3),m=2 (mod3),p#2.

Edge label v,u, for1 < p <n,

;

1, for p = 1, m even,

2, forp =1, m odd,

mis, forp=2,m=0 (mod 3),

323 - forp=0 (mod 3),m > 1and

Avpuy,) = < p=1,2 (mod3),m=2 (mod3),p#1,

w, forp=1 (mod3),m=0 (mod3),p#1
andp=2 (mod3),m=1 (mod 3),

32t forp,m =1 (mod 3),p# 1 and
p=2 (mod3),m=0 (mod3),p#2.

\

Edge label v,v, , and u,u,, 1 <p <mnand1l <qg<m,

(p, forp=1,2, and 3,
(Bm=bmt2p3) 4 g —1, forp=0 (mod 3),m>1,p+#3and
p=1,2 (mod3),m=2 (mod3),p=+#1,2,
Avptpg) = § (=022 g — 1, forp=1 (mod 3),m=0 (mod3),p+#1
andp=2 (mod3),m=1 (mod 3),p#2,
(2m=Omi2p=T) 4+ g —1, forp,m=1 (mod 3),p# 1and
p=2 (mod3),m=0 (mod3),p+#2.
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(

q, for p = 1, m odd,
g+ 1, for p =1, m even,
(w) +q, forp=0 (mod 3),m > 1,

(W)+q_1, forp=2,m=1 (mod 3);

p=1 (mod3),m=0 (mod3),p+#1;
Mupty ) = ¢ andp=2 (mod3),m=1 (mod 3),p#2,
(w)+q_l7 forp:Z’mEO (m0d3),

p,m=1 (mod 3),p# 1;and

p=2 (mod3),m=0 (mod3),p#2,
(m=Smt2y 4 g —1,  forp=2,m=2 (mod 3)and

p=1,2 (mod3),m=2 (mod3),p#1,2.

\

According to the labeling, the largest label, which represents the upper bound of res(Cp,, ®
N,,), is found at vertex u, where p = n.

;

m, forn = 1, m even,
m—1, forn =1, m odd,
2nm+2n

forn=0 (mod 3), m > 1and

n=1,2 (mod3),m=2 (mod3),n#1,
forn=1 (mod3),m=0 (mod3),n#1
andn=2 (mod3),m=1 (mod 3),
forn,m =1 (mod 3),n # 1 and

n=2 (mod3),m=0 (mod 3).

3 Y

(6)

)\(u”> = < 2nm+2n—2
3 )

2nm+2n+-2
3 )

\

It is shown that the upper bound of res(Cp,® N,,) in (6) satisfies the right side of (5) as follows:
For A(u,) = 2%%2% 'jt js evident that 222" satisfies [227£2=1] When n = 0 (mod 3) and
m > 1, the size of the corona of the centipede and null graph C'p,, ® N, is 2nm + 2n — 1. Since
n =0 (mod 3) and m > 1, we have 2nm = 0 (mod 6) and 2n = 0 (mod 6). Let 0 (mod 6) =
6k for some integer k, so 2nm + 2n — 1 = (6k) + (6k) — 1 = 12k — 1 =5 (mod 6). Thus, it is
concluded that 222222 for p = 0 (mod 3) and m > 1 satisfies [222£22=1] for 2nm+2n—1 # 2,3
(mod 6). Meanwhile, the condition for n = 1,2 (mod 3), m = 2 (mod 3), and n # 1 can be
proven in the same way. Moreover, for A(u,) = 2ME20+2 it js evident that W)M satisfies

[2omtnl] 4 1. When n,m = 1 (mod 3) and n # 31, the size of the corona of Cp, ® N,, is
2nm+2n—1. Since n,m = 1 (mod 3), we have 2nm = 2 (mod 6) and 2n = 2 (mod 6). Let 2
(mod 6) = 6k + 2 for some integer k, so 2nm +2n—1 = (6k+2) + (6k+2)—1=12k+3 =3
(mod 6). Thus, it is concluded that 2242242 for p m = 1 (mod 3) satisfies [ 222422=17 4 1 for
2nm + 2n — 1 = 2,3 (mod 6). The condition for n = 2 (mod 3) and m = 0 (mod 3) can also

be proven in the same way.
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Based on the two cases discussed above, it can be concluded that if the upper bound satisfies
the right side of (5), we obtain

|2rmt2n=l] for 2nm +2n —1#2,3 (mod 6),

[zmizn=l] 4] for2nm+2n—1=2,3 (mod 6).

res(Cp, © Npy) < {
3

After determining the lower and upper bounds of res(Cp,, © N,,, ), we find that the largest labels
for the vertices and edges are k. The edge weights in C'p,, © N,,, are given as follows.

wi(VpUp+1) = 2pm~+2p, for1 <p <n—1.
wi(vpu,) =2pm —m+2p — 1, for1 <p < n.

q; forp=1,1<¢qg<m,
W (VpUp,q) = 9
pm —2m+2p—2+¢q, for2<p<n,1<qg<m.

we(uptpy) =2pm —m+2p—14¢q, forl <p<n,1 <qg<m.

It can be concluded from this that every edge in the C'p,, © N,, has a unique weight. The lower
bound of Cp,, ® N,, is equal to its upper bound. Thus, Theorem 2.2 has been proven. [

The edge irregular reflexive 4-labeling for C'p,, ® N,,, with n, m = 2, is illustrated in Figure 4.

Figure 4. The edge irregular reflexive 4-labeling of C'p,, ©® N,,, graph for n,m = 2
Based on Figure 4, the edge and vertex labels are indicated by blue numbers, the edge weights

are indicated by red numbers, and the vertex names are indicated by black letters. From Theorem
2.2, we obtain res(Cpy © No) = 4.

3. Conclusion

According to the results, the following conclusions can be drawn:
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1. Reflexive edge strength on SL,, form > 2 is

[3m=2] for 3m —3#2,3 (mod 6),

SL,,) =
7“68( ) {(3%—% +1, for3m—-3=2,3 (mod 6).

2. Reflexive edge strength on Cp,, ©® N, forn > 2and m > 1is

[Zomt2n=1] for 2nm +2n —1#2,3  (mod 6),

[2omd2n=ll 4] for2nm+2n—1=2,3 (mod 6).

res(Cp, ® Np,) = {

Open problem: How is the reflexive edge strength defined in the corona of a centipede graph and
another graph, such as the corona of centipede and path graph?
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