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Abstract

The locating chromatic number of a graph (Icn) is one of the topics in graph theory that is still
interesting to research until now because there is no general theorem for determining the Icn of any
graph. The corona operation of P, and C,,, denoted by P,, ® C,, is defined as the graph obtained
by taking one copy of P, and |V (P,)| copies of C,, and then joining all the vertices of the k"
-copy of C,, with the k'"-vertex of P,. In this paper, we discuss the Icn for the corona operation
of path and cycle. The lcn of P, ® C3is 5 for 3 < n < 6 and 6 for n > 7. Moreover, P, ® Cyis 5
for 3 <n < 6and6 forn > 6.
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1. Introduction

Chartand, et al.[13] in 2002 introduced the /cn by combining concept of coloring vertices and
partition dimension of a graph. Let Z be a connected graph with U(Z) is a set of vertices and
W (Z) is a set of edges. A g—coloring vertices of Z is a function h : U(Z) — {1,2,...,q} where
h(u) # h(v) for any two adjacent vertices v and v in Z. Let H; be a set of vertices that are given
a color ¢, hereinafter referred to as a color class, then partition [[ = {Hy, Hy, Hs, ..., H,}is
a set of color classes from U(Z). The color code for the vertex v € U(Z) denoted by hp(v) are
g-tuples (d(v, Hy), d(v, Hy), d(v, Hs),..., d(v, H;) with d(v, H;) = min{d(v, z)|z € H;}
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for 1 <1i < g where d(v, x) is the minimum distance from vertex v to vertex z. If each vertices in
Z has a different color code, then h is called a g—locating coloring (g-Ic) of Z, denoted by x(Z).
While the minimum number of ¢ colors used in coloring of Z is called the locating chromatic
number (Icn) of Z, which is denoted by x(Z).

The following theorem from chartrand [13] will be used to determine the /cn for corona opera-
tion of path and cycle.

Theorem 1.1. The Icn of a cycle graph C,(n > 3) is 3 for odd n and 4 for even n.

Chartrand, et al.[13] determined the lcn of some simple graphs, namely: complete graphs,
cycles, paths, and caterpillars. Next, Chartrand et al.[14] obtained that there are trees 7, n > 5
with lcn 1 varying n, except n — 1. In 2011, Asmiati et al.[1] studied the /cn for amalgamation of
stars, other research results for several graph classes can be seen at [3], [4], [S], and [18]. Asmiati
and Baskoro [2] characterized graphs having cycles with lcn 3. Then, Baskoro and Asmiati [11] in
2013 obtained the characterization of all tree with lcn 3.

Determining /cn of graph operations has been carried out. Asmiati et al.[6] determined lcn
of barbell graphs contain Petersen graphs dan complete graphs. Next, Asmiati et al.[7] for lcn of
subdivision of barbell graphs containing generalized Petersen graphs. Asmiati et al. [8] in 2021
succeeded the /cn of the path shadow graphs and its barbell, whereas Sudarsana et al.[20] for m-
shadow of connected graphs. Recently, Asmiati et al.[10] investigated Icn for upper bounds for
shadow cycle graphs. Asmiati et al. [9] determined the I/cn for certain operation of origami graphs,
whereas Behtoei and Omoomi[12] for cartesian product of graphs. Furuya and Matsumoto[16]
obtained Icn of upper bound for trees, Ghanem et al.[17] for power of cycles and paths, Syofyan
et al.[21] for homogeneous lobsters, and Welyyanti et al.[19] discussed the Icn of graphs contain
dominant vertices.

The corona operation of P, and C,,, denoted by (P, ® C,,,) is defined as the graph obtained by
taking one copy of P, and |V (P,)| copies of C,, and then joining all the vertices of the k' -copy
of C,, with the k*"-vertex of P, [15]. We obtained V (P, ® C,,) = {v; k € [1, n]} U{ul; k €
[1, n], 1 € [1, m]}and E(P, ® Cy,) = {vk vpyr; k€ [1, n — 1]} U {ub o™ k€ [1, n], L €
1, m =1} U{up ul; k€ [l, n], l=m}U{v,ul; k€1, n], l €1, m]}.

In this paper, we discuss the Icn for the corona operation of path and cycle (P, ® C,,,), where
n>3andm = 3,4.

2. Main Results
Theorem 2.1. Icn for corona graph P, ® Csis 5 for 3 < n < 7 and 6 forn > 1.

PROOF.

Case 1. (3 < n < 7) First, we determine the lower bound of the lcn of P, ® Cs. Since P, ©® Cj
contains odd cycle graphs, based on Theorem 1.1, we have x (P, ® C3) > 3. Suppose that & is
a 3-Ic (locating coloring) of P, ® Cj. It is clearly that there are two vertices with the same color,
namely h(u) = h(ul) where a # b, so they have the same color code, a contradiction with the
condition of lcn. Therefore, x. (P, ® C3) > 4. Suppose h is a 4-Ic of P, ® C3. Observe that
d(uy, v) = d(u}, v) where v ¢ {uj, ui} such that {h(u$)} = {1,2,3,4}\h(vi). As a result,
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there are h(ul') = h(u}) with a # b, m # n and hy(u]') = hn(uy), a contradiction with the
condition of lcn. So, x1(P, ® C3) > 5.

Next, to determine the upper bound of the Icn of P, ® C5 for 3 < n < 7. Let h be 5-
coloring in P3 ® Cj as follows: Hy = {ui, ui}, Hy = {u}, ud, ui}, Hy = {u}, u3}, Hy =
{u3, vi,v3}, Hs = {u3, vo}. Then we have the following color code: hy(ui) = {0,1,1,1,2};
h(uf) = {1,0,1,1,2}; hn(u}) = {1,1,0,1,2}; hn(ul) = {3,0,1,1,1}; hn(ud) = {3,1,0,1,1};
h(ud) = {3,1,1,0,1}; hn(ul) = {0,1,3,1,1}; hg(u?) = {1,0,3,1,1}; hn(ul) = {1,1,3,1,0};
hr(vy) = {1,1,1,0,1}; hn(ve) = {2,1,1,1,0}; hn(vs) = {1,1,2,0,1}. Since all vertices in
Py ® C3 have distinct color codes, then h is a 5-lc. So, x(Ps ® C3) < 5. Therefore, we have
xXL(Ps © C3) = 5.

Let i be 5-coloring in Py ® Cs as follows: Hy = {uj, uj, uj}, Hy = {u?, uj, ui}, Hz =
{u}, w3, Wi}, Hy = {u3, ui, vy, v3}, Hs = {u3, vy, v4}. The color codes of vertices are:
ha(ui) = {0, 1, 1, 1, 2}; hn(u?) = {1, 0, 1, 1, 2}; hn(u?) = {1, 1, 0, 1, 2}; hn(ud) =
{3,0,1,1,1}; hn(ud) = {3,1,0,1,1}; hy(ud) = {3,1,1,0,1}; hn(ud) = {0,1,3,1,1}; hyy(u2) =
{1,0,3,1,1}; hn(uld) = {1,1,3,1,0}; hn(ul) = {0,3,1,1,1}; hn(ul) = {1,3,0,1,1}; hn(ui) =
{1,3, ]_70, 1}, hH(Ul) = {1, 1, ]., 0, 1}, hH(’UQ) = {27 1, 1, 1,0}, hH(Ug) = {]_, 1,2,0, ]_}, hH(U4) =
{1,2,1,1,0}. Since all vertices in P, ® C3 have distinct color codes, then h is a 5-lc. We have,
Xo(Py © C3) < 5. Thus, x(Py © C3) = 5.

Let i be 5-coloring in Ps®C3 as follows: Hy = {ul, ul, ul, vs}, Hy = {u?, ul, u3, ul}, Hy =
{ud, w3, u2, u?}, Hy = {ud, ul, vy, v3}, Hs = {u3, ul, ve, vs4},. Then,the color codes of ver-

tices are: hyp(ui) = {0,1,1,1,2}; hn(u?) = {1,0,1,1,2}; hn(ud) = {1,1,0,1,2}; hn(ul) =
{3,0,1,1,1}; hp(ud) = {3,1,0,1,1}; hn(uj) = {3,1,1,0,1}; hn(ul) = {0,1,3,1,1}; hn(ul) =
{1,0,3,1,1}; hp(uj) = {1,1,3,1,0}; hr(ul) =4{0,3,1,1,1}; hn(u?) = {1,3,0,1,1}; hn(ul) =
{1,3,1,0,1}; hn(ud) = {1,0,1,3,1}; hg(u?) = {1,1,0,3,1}; hg(ud) = {1,1,1,3,0}; hn(vy) =
{1,1,1,0,1}; hn(ve) =42, 1,1,1,0}; hn(vs) = {1,1,2,0,1}; hn(vs) = {1,2,1,1, 0}; hy(vs) =
{0,1,1,2,1}. Since all vertices in P; ® C3 have distinct color codes. Then, h is a 5 lc Therefore,

XL(P5 © C3) < 5. So, x.(P5 © C3) = 5.
Let i be 5-coloring in Ps®C3 as follows: Hy = {u}, ul, ul, u}, vs}, Ho = {u}, ud, u2, ui, ul},
Hy = {u3, u2, u3, u? ul}, Hy = {ud, ul, v, vs, v}, Hy = {u3, ul, vy, vys}. Then

w

the color codes of vertices are: hp(ul) = {0,1,1,1,2}; hp(u?) = {1,0,1,1,2}; hp(u?) =
{1,1,0,1,2} hn(u) = {3,0, 1, 1, 1} hn () = (3,1,0,1,1}; hur(ud) = {3,1,1,0, 1}: hn(ul) —
{0,1,3,1,1}; hr(u?) = {1,0,3,1,1}; hn(u) = {1,1,3,1,0}; An(ul) = {0,3,1,1,1}; hn(u?) =
(1,30, 1,1} hur(u?) = {1,3,1,0,1}: hu(ub) = {1,0, 1,3, 1}: h(u2) = {1, 1,0,3,1}: hn(u?) =
(111,30} hr(ud) = {0, 1,1, 1.3}: hn(u2) = {1,0,1,1.3}: hu(ud) = {1, 1,0.1,3}: hn(vy) =
(L1.1,0,1}: hu(vs) = {2, 1,1, 1,08 hu(vs) = {1,1,2,0,1}; hnn(vs) = {1,2,1,1,0}; hui(vs) =

{0,1,1,2,1}; hn(vs) = {1,1,1,0, 2} Since all vertices in Pg ® C5 have distinct color codes, then

h is a 5-lc. Therefore, we have x1(FPs ©® C5) < 5. So, x1(FPs © C5) = 5.

Case2. (n > 7).

First, we determine the lower bound of Icn of P, ® C5 for n > 7. Suppose h is a 5-Ic of
P, ® Cs forn > 7. Then, there are h(u)') = h(u}) with a # b, m # n and hy(u]*) = hn(up),
contradiction with the condition of Icn. So, we have y (P, ® Cy) > 6 forn > 7.

Let h be a 6-coloring in P, ® C5 for n > 7 as follows:
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1, fork=1,2,..., nand[ = 1.

2, fork=1,2,..., nand[ = 2.

3, fork=1,2,..., n—1andl = 3.
6, fork=mnandl=3.

h(vg) = 4, forodd k.
B 5, foreven k.

Then the color code of vertices are:

(0 J150 tuple; k =1,2,...,nand | = 1;
2" tuple; K =1,2,...,nand [ = 2;
3 tuple; K =1,2,...,n—1land = 3;
.6 tuple; K = n and [ = 3.
1 150 tuple; k =1,2,...,nand [ = 2,3;
2" tuple; Kk =1,2,...,nand [ = 1, 3;
h(ul) = 3 tuple; K =1,2,...,nandl = 1, 2;
. 4™ tuple; odd k and [ = 1, 2, 3;
, 5" tuple; even kand [ = 1, 2, 3;
6" tuple; k =nand [ =1, 2.
2 , 4™ tuple; even k;
, 5" tuple; odd k.
((n—Fk)+2 6" tuple; k <n—1.
(0 , 4™ tuple; odd k;
. 5" tuple; even k.
1 , 15" tuple;and k = 1,2,...,n;
2" tuple; k= 1,2,...,n;
hn(ve) = 3" tuple; B =1,2,...,n;
. 4™ tuple; even k;
, 5" tuple; odd k.
((n—k)+1 ,6"tuple;1 <k <n.

Thus, since all vertices in P, ® (5 have distinct color codes, then A is a 6-lc. Therefore,
xo(P, ®Cs) =6forn>7. 1

Theorem 2.2. Icn of corona graph P, ® Cyis 5 for 3 < n < 6, and 6 for n > 6.

PROOF.
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1 2 3 1 2 3

Figure 1. A minimum lc of P; ® C3

Case 1. (3 < n < 6) First, we determine the lower bound of the lcn of P, ® Cj. Since P, ® C,
contains cycle graphs, based on Theorem 1.1 we have x. (P, ® C;) > 4. For a contradiction,
assume there exists a 4—Ic on P, ©® C}. Itis clearly that there are two vertices with the same color,
namely h(u$) = h(u}) where a # b, so they have the same color code, a contradiction. Therefore,
xo(P, ® C3) > 5.

Next, to determine the upper bound of the locating chromatic of P, ® Cy for 3 < n < 5.
Let h be 5—coloring in P3 ® Cj as follows: Hy = {u}, ud, u3}, Hy = {u?, u3, v}, H3 =
{u}, ul, vs}, Hy = {u?, u3, v}, Hy = {ud, ul, v;}. Then,The color codes of vertices
are: hr(ui) = {0,1,2,1,1}; hp(u?) = {1,0,1,2,1}; hp(u?) = {2,1,0,1,1}; hp(uf) =
{1,2,1,0,1}; hr(ud) = {0,1,1,1,2}; hr(u2) = {1,0,2,1,1}; hn(u) = {2,1,1,1,0}; An(ul) =
{1,2,0,1,1}; hg(ul) = {2,0,1,1,1}; hg(u?) = {1,1,1,0,2}; hg(ul) = {0,2,1, 1,1}; hi(ul) =
{1,1,1,2,0}; hn(vy) = {1,1,1,1,0}; hp(ve) = {1, 1,1,0,1}; hp(vs) = {1,1,0,1,1}. Thus,
since all vertices in P; ® Cy4 have distinct color code, then h is a 5—Ic. So, x.(Ps ® Cy) < 5.
Therefore, we have x 1 (P3 ® Cy) = 5.

Let h be a 5—coloring in Py ® Cy as follows: Hy = {ui, uj, ud}, Hy = {u?, u3, ui}, H3 =
(u?, ub, vs}, Hy = {u}, w2, vy}, Hy = {ul, ui, v,}. Then, The color codes of vertices
are: hp(ul) = {0,1,2,1,1}; hp(u}) = {1,0,1,2,1}; hn(ud) = {2,1,0,1,1}; hp(uf) =
{1,2,1,0,1}; hn(ud) = {0,1,1,1,2}; hn(ud) = {1,0,2,1,1}; hg(uld) = {2,1,1,1,0}; hn(uj) =
{1,2,0,1,1}; A (ud) = {2,0,1,1,1}; h(u?) = {1,1,1,0,2}; h(ud) = {0,2,1,1,1}; hr(ul) =
{1,1,1,2,0}; hr(ul) = {0,1,1,2,1}; hn(u?) = {1,1,0,1,2}; hn(u?) = {2,1,1,0, 1}; hy(ul) =
{1,1,2,1,0}; A (v1) = {1,1,1,1,0}; An(ve) = {1,1,1,0,1}; hn(vs) = {1,1,0,1,1}; h(vs) =
{1,0,1,1,1}. Thus, since all vertices in Py ® C, have distinct color code, then & is a 5—Ic. So,
X1(Py ® Cy) < 5 Therefore, we have y (P, ©® Cy) = 5.

Let h be 5—coloring in P5®C’4 as follows: H; = {uj, u%, u3, vs}, Hy = {u?, u3, ul, ul}, Hy =
(vl uj, u2, vs}, Hy = {ul, u3, us, vo}, Hs = {u3, uj, ul, vi}. Then, the color codes of ver-

tices are: hyy(ui) = {0,1,2,1,1}; hp(u?) = {1,0,1,2,1}; hn(ud) = {2,1,0,1,1}; hp(ul) =

(1,2,1,0,1%: hn(ub) = {0, 1,1, 1,2}: h(ud) = {1,0,2,1, 1}3: hun(ud) = {2.1,1,1,0}; hn(ul) =
{1,2,0,1,1}; An(ul) = {2,0,1,1,1}; An(u?) = {1,1,1,0,2}: hn(ud) = {0,2,1,1,1}; hg(ul) =
{1,1,1,2,0}; hn(ui) = {0,1,1, ,1}, h(u?) = {1,1,0,1,2}; hg(u}) = {2,1,1,0,1}; hg(u}) =
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{ Y 72’ ]‘7 }7 hH(ué) - {170’ ]‘7 172}; hH(uZ) - {17 ]" 07 27 1}; hH<ui) = {17 2’ 17 170}; hH(“i) -
{ ;1,2,0,1 }a hH('Ul) = {17 L1, 170} ; hH(UQ) = {1a 1, 1,0, 1}7 hH(U?)) = {17 1,0,1, 1}7 hH(U4) =
{1,0,1,1,1}; hp(vs) = {0,1,1,1 1}. Thus, since all vertices in P5 ® Cy have distinct color code,

then h is a 5—Ic. So, x.(P5s ® Cy) < 5. Therefore, we have x.(Ps ® Cy) = 5.

Case 2. (n > 6) First we determine the lower bound of the Icn of P,, ® Cy. Suppose h is a
5—Ic of P; ® C,. Observe that d(u}, v) = d(u}, v) where v ¢ {u}, u}} such that {h(uf)} =
{1,2,3,4}\h(v;). As aresult, there are h(u]*) = h(u}}) with a # b, m # n and hp(ul') = h(uy),
a contradiction with the condition of Icn. So, x1(P, ® Cy) > 6 for n > 6.

Next, to determine the upper bound of the Icn of P, ® C for n > 6. Let h be a coloring using
6 colors as follow:

(1 fork=1and!=1.
2 ork=1landl=2; k=2 3,...,nandl = 1.
Bk — 3 (ork=1land!l=3; k=2, 3,..., nand [ = 2.
4 fork=1landl=4; k=2,3,...,nand] = 3.
5 ,foreven k and [ = 4.
(6 ,foroddk, k# 1land! = 4.
h(v) = 5, forodd k.

6, foreven k.
Then, the color code of vertices are:

(0 , 5" tuple; odd k;
, 6" tuple; even k.
1 2" tuple; k= 1,2,...,n;

3" tuple; K =1,2,...,n;
A tuple; k= 1,2,... ., n;
, 5" tuple; even k;
, 5™ tuple; odd k.

( (n—k)+1 ,6"tuple;1 <k <n.

hn (Uk) =
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0 ;1% tuple; k=1and! = 1;

;2" tuple; k= 1land [ = 2;

2" tuple; k # land [ = 1;

3" tuple; k= 1and [ = 3;

3" tuple; k # land [ = 2;

4™ tuple; k =1and [ = 4;

4™ tuple; k # 1and [ = 3;

5" tuple; even k, k # 1, and [ = 4;

.5 tuple; odd k, k # 1,and [ = 4.
1 , 1% tuple; k= 1and [ =2, 4;

;2" tuple; k=1land [ =1, 3;

;2" tuple; k # 1and [ = 2, 4;

;3" tuple; k=1and [ =2, 4;

;3" tuple; k# land [ =1, 3;

A tuple; k=1and [ =1, 3;
h(ul) = , 4" tuple; k # 1and [ =2, 4;

.5 tuple; odd kand | =1, 2, 3, 4;

, 5" tuple; even kand [ = 2, 3;

.6 tuple; evenkand [ =1, 2, 3, 4;

.6 tuple; odd k, k # 1,and [ = 2, 3.
2 ;15" tuple; k=1and [ = 3;

2" tuple; k= 1and | = 4;

, 2" tuple; k # 1 and [ = 3;

3" tuple; k= 1land [ = 1;

3" tuple; k # 1and [ = 4;

4™ tuple; k=1and [ = 2;

A" tuple; k # 1and [ = 1;

.5 tuple; even k and [ = 2;

6" tuple; k=1and [ =1, 2, 3, 4;

.6 tuple; odd k, k # 1,and [ = 2.
k+1 ,1%tuple; 1<k<nand [ =1, 2, 3, 4.

Since all Ve;tices in P, ® Cy have distinct color code, then h is a 6—Ic. So, x1(P, ® Cy) <6

for n > 6. Therefore x (P, ® Cy) =6forn > 6. B

3. Conclusion

The lcn of P, ® C,,, is 5 form = 3, 3 < n < 6 and 6 for n > 7. Further, for m = 4 we have
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Vo 6 5 Vig 6 5 Ve 6
' v, ‘ v,
‘ 3
«m «w U u; 3
5 uj 5 u 5 u

Figure 2. A minimum /¢ of Pg ® Cy

5, where 3 < n < 6 and 6 for n > 6. This research can be continued to determine the locating
chromatic number of P, ® C,, form > 5.
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