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Abstract

Let G = (V, FE) be a simple connected graph with vertex set V' and edge set F. A local edge
antimagic labeling of G is a bijection f : V/(G) — {1,2,3,...,|V(G)|} where the weights of any
two adjacent edges of G are distinct. The weight of an edge uv is defined as w(uv) = f(u)+ f(v).
By assigning the color w(uv) to each edge uv € F(G), we obtained a proper local edge antimagic
coloring of G. The minimum number of colors required for edge coloring induced by the local
edge antimagic labeling is called the local antimagic chromatic index of G. In this article, we give
the exact value of the local antimagic chromatic index for chains of path and cycle graphs.
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1. Introduction

An antimagic labeling was introduced by Hartsfield and Ringel in 1990 [6] and in 2017, Aru-
mugam et al. [2] proposed the local version of antimagic labeling that induced a proper vertex
coloring of a graph. In 2017, Agustin et al. [1] gave the variation of local antimagic labeling called
the local edge antimagic labeling that induced an appropriate edge coloring of a graph.

Let G = (V, E) be a simple connected graph with a vertex set I and an edge set . A local
edge antimagic labeling of G is a bijection f : V(G) — {1,2,...,|V(G)|} if the weight of any
adjacent edges is different. The weight of the edge uv is w(uv) = f(u) 4+ f(v). By assigning
edge weight as the edge color, the minimum number of colors needed for the edge coloring of
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G is called the local antimagic chromatic index of G, x;.,(G). It is clear that x; ,(G) > x'(G)
where \/(G) is the chromatic index of G. By Vizing’s Theorem (Theorem 1.1) we have that the
maximum degree of G is the general lower bound for the local antimagic chromatic index of G,
that is ., (G) > A(G).

Theorem 1.1 ( [5]). For any finite, simple graph G, A(G) < X'(G) < A(G) + 1.

In 2017, Arumugam et al. [2] not only give some properties of the local antimagic chromatic
number of a graph, but also investigate the number for some classes of graphs, including path,
cycle, and complete graph. Their work provided initial results on the chromatic number required
for local antimagic edge coloring and sparked interest in exploring other graph structures. Further-
more, in 2019, Bensmail et al. [3] examined trees and established lower bounds on the number of
colors necessary for such graphs, contributing to the understanding of how local antimagic labeling
operates on non-cyclic graphs. In addition, a study by Choi et al. [4] explored local antimagic edge
colorings in generalized graph families, including connected and disconnected graphs.

In subsequent studies, researchers explored other classes of graphs, such as bipartite graphs,
cubic graphs, and planar graphs. For example, Lee et al. [7] studied the behavior of local antimagic
edge colorings in planar graphs and found that certain planar graphs have significantly different
chromatic properties compared to non-planar graphs.

In this paper, we give the local antimagic chromatic index of a chain of graphs involving paths
and cycles. Let C, = y1ys...y,y1 for a > 3 and P, = xyx5...x;, for b > 2. For any positive integer
s, the graph sC, P, is constructed by taking s copies of C, and s — 1 copies of P, and identifying
x1 from the i-th copy of P, with y; from the i-th copy of C, and x; from the i-th copy of P, with
ya 11 from the (k + 1)-th copy of C,, where 1 < i < s — 1. Meanwhile, the graph sP,C, is
constructed by taking s copies of P} and s — 1 copies of C, and identifying y2, from the i-th copy
of C, with x;, from the i-th copy of P, and y; from the i-th copy of C, with z; from the (k + 1)-th
copy of P, where 1 < i < s — 1. Here, we show that for a« > 4 and b > 2 be even integers,
Xiea(8CaPs) = Xiea(sPoCa) = 3.

2. Main Results

In this section, we determine that the local antimagic chromatic index of the chain of path and
cycle graph sC,, P, and sP,C, for both b and a is even.

Theorem 2.1. Let a > 4 and b > 2 be even integers. The local antimagic chromatic index of
$Co Py is X1y (5Ca Py) = 3.

Proof. The graph sC, P, is a connected graph with vertex set V (sC, P) = {zp;1: 1 <k <a,1 <
[ < S} U {[EkJ?g 1 <kE<b—2,1<1<s— 1} and edge set E(sC’an) = {xk,l,1$k+1,l,1 1 <
k<a—-1,1<1<s}U{zqx1y1:1 <1< stU{xpiotp100:1 <k <b-31<1[<
s—1 U{x1 12102 : 1 <1< s—l}U{xb,Qﬂx%H,jJ : 1 <1 < s—1}. Thus, the number of vertices
is |V (sC,Py)| = sa+ (s—1)(b—2) and the number of edges is |E(sC, B,)| = sa+(s—1)(b—1).

In Figure 1 we have the graph sC, P, and the vertex.
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X311 X211 x%z‘l X321 X221
121
a

Xa
711
Xa
Z+111

7‘%4.2,“ Xa-111  Xa11 X

24221 Xa-121  Xa21

Figure 1: graph sC, P,.

Case 1. a = 0 (mod 4).

X111 Y @~ === xa X121 LN
X1z X212 Xp-312  Xp-212 X122 X222 Xp-35-12 Xp-25-12
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Define a bijection f : V(sC, F,) — {1,2,3,...,|V(sC,P;)|} to be alocal edge antimagic labeling

for sC, P, as follows.

k-1 + ((a+b-2)(5)). kisodd, k < %, lis odd,
sa+(s—1)(b—-2)—(2—k)— ((ea+b-2) (5)), kiseven, k< £, lisodd,
k—2+ ((a+b-2)(5)), kisodd, k> g, lis odd,
£ )= sa+(s—1)(b-2)+(¢+1-k)— ((a+b-2)(52)), kiseven, k> 5, lis odd,
TR = g0 4 (s=1)(b—2)— (2¢=2 — k) — ((a+b—2) (52)), kisodd, k < g, lis even,
(222=2) — (k- 1)+ ((a+b—2) (52)), kiseven, k < &, lis even,
sa+(s—1)(b-2)— (52) - (k—1)— ((a+b—-2) (}52)), kisodd, k> &, liseven,
(52) +k+ ((a+b-2) (52)), kiseven, k> ¢, lis even,
S+ k4 ((a+b-2)(52)), k is even, [ is odd,
Fnia) = sat+(s—1)(b-2)— (£ +5) - ((a+0-2) (52)), k is odd, I is odd,
TeL2) = g 4 (s=1)(b—-2)— (a+ (52)) — (52) — ((a+b-2) (}52)), kiseven, Liseven,
(a+ (552) + (B + ((e+b-2) (52)), k is odd, [ is even.
The edge weights are as follows.
(sa+(s—1)(b—2)+2, k<2 kisodd, [isodd,
sa+ (s—1)(b—2), k < §,kiseven, [is odd,
sa+(s—1)(b—2)+2, k<3 kiseven, liseven,
sa+(s—1)(b—2), k < §,kisodd, [iseven,
w(xk,l,lxk-l—l,l,l) = sa + (S — 1)(b — 2) + ]., k= %
sa+(s—1)(b—2)+2, k> % kiseven, isodd,
sa+ (s —1)(b—2), k> §,kisodd, [is odd,
sa+(s—1)(b—2)+2, k> % kisodd, [iseven,
sa+(s—1)(b—2), k > §,kiseven, [is even,

\

(sa+(s— Db-2)+1,

sa+ (s —1)(b—2),
W(Tp2Tpr1,,2) =

sa+(s—1)(b—2)+1,

sa+ (s—1)(b—2)+2,

k is odd, [is odd,
k is even, [ is odd,
k is odd, [ is even,

k is even, [ is even,
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sa+ (s —1)(b—2), [ is odd,
sa+(s—1)(b—2)+2, liseven,

w(ﬂfl,z,lﬂh,l,z) = {

sa+ (s—1)(b—2), [ is odd,
sa+(s—1)(b—2)+2, [liseven.

w ($b—2,j,2,$g+1,j+1,1) = {

Therefore, there are three different edge weights in the local antimagic labeling of sC, P,
which are sa + (s — 1)(b—2),sa + (s — 1)(b—2) + 1, sa + (s — 1)(b — 2) 4+ 2. Thus, we can
conclude that ,,,(sC, P;) < 3 for a = 0 (mod 4).

Case 2. a = 2 (mod 4).

Define a bijection f : V(sC,Py) — {1,2,3,...,|V(sC,P,)|} to be alocal edge antimagic labeling
for sC, P, as follows.

sa+(s—1)(b—2) - (f—k) (2 -1)(1-1), k < %, kisodd,
roeny = 4 8 G+ (52 D) < §okiseven
Thl1) = sa+(s—1)(b—2)+( F1—k)— (L —1)(1-1)), k> 2% kisodd,
k—g+ (2 —-1)(1-1)), k> 5, kis even,
Fony = {3 (3= (- D) bis odd,
TR Vsa+ (s —1)(b—2) — (2 +552) — (42— 1) (1= 1)), kiseven.
The edge weights are as follows.
(sa+ (s —1)(b—2), k< 2 kis odd,
sa+(s—1)(b—2)+2, k<$, kiseven,
w(xk,ljlzz:kH,l,l) = sa + (S — 1)(b — 2) + 1, k= %
sa+ (s —1)(b—2), k> 5, kiseven,
(sa+(s—1)(b—2)+2, k> g kisodd,

w(xap1211) = sa+ (s —1)(b—2) +1,

sa+ (s—1)(b—2)+1, kisodd,

w\T xr =
(Th12Tks1,,2) {sa +(s—1)(b—2)+2, kiseven,

w (z11%1,2) = sa+ (s —1)(b—2) + 2,
w (xb—2,j,2x%+1,j+1,1) = sa + (8 - ].)(b - 2) + 2.
Therefore, there are three different edge weights in the local antimagic labeling of sC, P,

which are sa + (s — 1)(b—2),sa+ (s — 1)(b—2) + 1, sa + (s — 1)(b — 2) + 2. Thus, we can
conclude that ;. (sC,P;) < 3 for a = 2 (mod 4).
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As a result, f induces a proper edge coloring of sC, P, using three colors, namely sa + (s —
Db —2),sa+ (s—1)(b—2)+1,sa+ (s —1)(b—2) + 2, and we get x,,,(sC,P,) < 3. Since
A(sC,P,) = 3, we obtain Xzea(sCan) > A(sC,Py) = 3.

]

In Figures 2 and 3, we give examples of local edge antimagic labeling of 4C}5 P, and 4Cs P,
with Xlea(4012p4) = Xlea(406p4) =3.

54 2 52 4 50 8 46 10 44 12 40 16 38 18 36 22 32 24 30 26

53 3 51 5 49 9 45 11 43 13 39 17 37 19 35 23 31 25 29 27

Figure 2: The local edge antimagic labeling of 4C5 Py with X;ea(4012P4> =3

Figure 3: The local edge antimagic labeling of 4C¢ P, with Xgea(406P4) =3

Theorem 2.2. Let b > 2 and a > 4 be even integers. The local antimagic chromatic index of
sPyCly is X)o0(sPoCa) = 3.

Proof. The graph sP,C,, is a connected graph with vertex set V(s P,C,) = {z41: 1 <k <, 1 <
l < S} U {$k7172 o1 < k < a-— 2,1 < l < s5— 1} and edge set E(SPbCa) = {.Clik,l’lxk+17l,1 .
1<k<b—-1,1<I1<stU{zpiotrq12: 1 <k <§—-21<1<s—=1}U{@p0T00100 ¢
$<k<a-31<1<s=1}U{myorigpn 1 S U<s—=1FU{za g om0 411 : 1 <1<
s—l}U{xb,j,lxaQ;ng 1 <I< s—l}U{be,lx%,j,g : 1 <1 < s—1}. Thus, the number of vertices
is [V (sCyPy)| = sb+ (s —1)(a—2) and the number of edges is |E(sC, FPy)| = (s—1)a+s(b—1).

In Figure 4 we have the graph s P,C, and the vertex.

Xa-2 X212 X112 Xa=2 4, X25-12  X1s-12
L 751,

[y CLELELT Xb11 X12,1 )0 nnn Xbs-11 X151 Y@ mmm o—e
X111 X211 Xp-1,1,1 / X221 Xp-121  Xp21  X1s-11 X2s-11 Xb-15-1,1 \ X251 Xb-151 Xps1

X1z Xa-312  Xa-212 Xos12  Xa-3s-12 Xa-2s-12

Figure 4: graph sP,C,.
Case 1. a = 0 (mod 4).

Define a bijection f : V(sBP,C,) — {1,2,3,...,|V(sB,C,)|} to be alocal edge antimagic labeling
for s P,C', as follows.
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B4 ((a+b-2) (5
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kis odd, [ is odd

£ )= sb+(s—1)(a—2)— 52 — ((a+b-2) (52)), k is even, [ is odd
TR T Y sh 4 (s — 1) (a—2) — HHa=2 4 (2 — B (0 +b—2) (52)), kisodd, Liseven,
bnti 4 ((a+b0-2) (52)), k is even, [ is even,
(=) — (k= 1)+ ((a+b-2) (}51)) . kisodd, k < & — 1, Lis odd,
sb+(s—1)(a—2) — (L2 +k+1-(a+b-2) (5), kiseven, k < § — 1, lis odd,
sb+ (s —1)(a—2) + (&=22 — ( k+1)) ((a+b-2)(51)), kisodd, kz;,llsodd
s _J(k+3)+ (= “)—l—(a—i—b— (51), kiseven, k> £, lisodd,
(®h2) = sb+(s—1)(a—2) (a+b—k-3)—((a+b-2)(52)), k is odd, kg%—l, j is even,
a+b—(k+1)+ ((a+b-2)(52)), kiseven, k < % —1, liseven,
b+k+1+ ((a+b-2)(52)), kisodd, k > £, liseven,
sb+(s—1)(a—2)—(b+k—1)— ((a+b-2) (52)), kiseven, k> g, jiseven,
The edge weights are as follows.
sb+ (s—1)(a—2)+1, kisodd, [isodd,
( ) sb+ (s—1)(a—2)+2, kiseven, [isodd,
w(Tg 12 =
LT sb+(s—1)(a—2)+3, kisodd, liseven,
sb+ (s—1)(a—2)+2, kiseven, [iseven,
(sb+(s—1)(a—2)+3, kodd, k< 2—1,1odd,
sb+(s—1)(a—2)+1, keven, k< §—1,1odd,
sb+ (s —1)(a—2)+3, kodd, k> %, [odd,
sb+(s—1)(a—2)+1, keven, k> g, [odd,
W(Th12Th11,2) = a
sb+(s—1)(a—2)+1, kodd, k< §—1,leven,
sb+(s—1)(a—2)+3 keven, k< § —1,even,
sb+(s—1)(a—2)+1, kodd, k> %, [even,
(sb+ (s —1)(a—2)+3, keven, k> g, leven,
sb+(s—1)(a—2)+ 3, [ odd,
w(wpj1Ta jo) = ( J(@=2)
2 sb+ (s —1)(a—2)+ 1, [ even,
w(xb,j,lx%—l,jﬂ) =sb + (8 - ].)(CL - 2) + 2,
( ) sb+ (s—1)(a—2)+1, lodd,
w(wy 0 =
HEATLEL sb+ (s —1)(a —2) + 3, [ even,
w(:ca,gjjg:cl,lﬂ,l) =sb+ (S — 1)(& — 2) —+ 2,

Therefore, there are three different edge weights in
which are sb+ (s —1)(a—2) + 1,sb+ (s — 1)(a —
conclude that (s P,C,) < 3 for a = 0 (mod 4).

18
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Case 2. a = 2 (mod 4).

Define a bijection f : V(sP,C,) — {1,2,3,...,|V(sP,C,)|} to be alocal edge antimagic labeling
for s P,C,, as follows.

B2y (=) (1-1)), k is odd,

e = {5 o ey ieen

sb+(s—1 a—2)— (% (k+1)) — (%2 —1)(1—1)), kisodd, k<& —1,

_ Hb (( —1) ) kiseven, k< 2 —1,
Jlonaz) = k+3+(” 22a) ((%f 1) (1-1)), Kisodd, k> 4,
sb+(s—1)(a—2)+ (=2 —k—1)— (22 -1) (1)), kiseven k> 2.

The edge weights are as follows.

sb+(s—1)(a—2)+1, kisodd,
sb+ (s—1)(a—2)+2, kiseven,

w($k,z,1l’k+1,z,1) = {

sb+(s—1)(a—2)+1, kodd k<§—1,

sb+(s—1)(a—2)+3 keven, k<§—1,
e e (s—1(a—2)+1, kodd k>,

sb+(s—1)(a—2)+3, keven k> g,

w(l'b,j,liC%,j,z) =sb+ (s — 1)(a _ 2) +3

w(xb7j71x%_17j’2) = sb + (S — 1)((1 — 2) + 2,
w(xy12T10411) = sb+ (s —1)(a —2) + 3,

U)(.TCL,QJ',Q.TLZJAJ) =sb + (S — 1)(& — 2) -+ 2,

Therefore, there are three different edge weights in the local antimagic labeling of sP,C,,
which are sb+ (s —1)(a—2)+ 1,80+ (s —1)(a —2) + 2, sb+ (s — 1)(a — 2) + 2. Thus, we can
conclude that (s P,C,) < 3 for a = 2 (mod 4).

As a result, f induces a proper edge coloring of sP,C, using three colors, namely sb + (s —
D(a—2)+1,sb+(s—1)(a—2)+2,sb+ (s —1)(a—2)+2, and we get x;,,(sP,C,) < 3. Since
A(sP,C,) = 3, we obtain X, (sP,C,) > A(sP,C,) = 3. O

In Figures 5 and 6, we give the examples of local edge antimagic labeling of 4 P;C'» and 5P,Cy
with Xlea(4P4012) = Xlea(5P4CG) =3.
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3 44 5 42 7 38 11 36 13 34 17 30 19 28 21

47 47 47 47
W zs W
240 9 Zs 2
47 47 47 47

4 43 6 41 8 37 12 35 14 33 18 29 20 27 22

47 48 47
1

39 10

Figure 5: The local edge antimagic labeling of 4P,C12 with X;ea(4P4C'12) =3

3 34 7 30 11 26 15 22
37 37 37 37
(5] (2] el el
1 03 938 37 » 37 238,37/ 37 .38 .37/ 37 .38 37/ 37 o038 43719
36 2 35 2/ 32 6 31 2/ 28 10 27 /13 24 14 23 /17 20 18
37 37 37 37
4 33 8 29 12 25 16 21

Figure 6: The local edge antimagic labeling of 5P, Cg with X;w(5P4C’6) =3

Open Problem
Determine ., (sC, ) and ¥, (sP,C,) for a or b are odd.
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