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Abstract

Aset D C V is a dominating set of G if every vertex in V' — D is adjacent to some vertex in [J. The
dominating number v(G) of G is the minimum cardinality of a dominating set D. A dominating
set D of a graph G = (V, E) is a split dominating set if the induced graph (V' — D) is disconnected.
The split domination number (G is the minimum cardinality of a split domination set. In this
paper we have introduced a new method to obtain the split domination number of grid graphs by
partitioning the vertex set in terms of star graphs and also we have obtained the exact values of
Vs(Gmn)sm <n,m,n < 24.
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1. Introduction

The graphs considered here are finite, connected, undirected without loops or multiple edges
and without isolated vertices. As usual n and ¢ denote the number of vertices and edges of a graph
G. For any undefined term or notation in this paper can be found in Harary [2].

A set D C V is a dominating set of G if every vertex in V' — D is adjacent to some vertex in
D. The dominating number (&) of G is the minimum cardinality of a dominating set D [5]. V.R.
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Kulli and B. Janakiram had introduced a concept of split domination [3]. A dominating set D of
a graph G = (V, E) is a split dominating set, if the induced graph (V' — D) is disconnected. The
split domination number ~5(G) is the minimum cardinality of a split domination set.

A two dimensional grid graph G, , is the graph Cartesian product F,, x P, of paths on m
and n vertices. The Cartesian graph product of G; x G5 with disjoint vertex sets and edge sets in
G1, G, is the graph with the vertex set V; x V5 and two vertices u = (ug, uz) and v = (vy,v9) are
adjacent in G; X G whenever [u; = vy and usadj vs] or [uy = v, and ujadj vy]. A star graph is a
complete bipartite graph of the form K ,,_; with n vertices. The neighborhood of a vertex in the
graph G is the set of vertices adjacent to v and is denoted by N (v).

Computing of domination of grid graph has been studied in [1,4]. In this paper we have in-
troduced a new method to obtain the split domination number of a grid graphs by partitioning
the vertex set in terms of K3, K2, Ky and K and also we have obtained the exact values of
Vs(Gmn),m <n,m,n < 24.

2. Preliminaries

To simplify the description of the algorithm, we first define an order of the vertices of an mn
grid graph with vertices v; ;, 1 <7 < m,1 < j < n. Every minimum dominating set can be
constructed by an exhaustive search where in each step any undominated vertex is picked, after
which all possible ways of dominating this vertex are considered in turn.

The procedure to construct the minimum split dominating set is as follows:

Pick the vertex of degree 3 say v;, £ = v; U N (v;). Next choose the vertex in V' (G) — E, that has
the vertex of degree 3, if not choose the vertex of degree 2 otherwise choose the vertex of degree
1 say vj, if not choose v, € L. Let D = v; U v; U vy, such that the number of vertices in D is
minimum and < V(G) — D > is disconnected, this procedure is continued unless V(G) — E'is
an empty set. Suppose if < V(G) — D > is connected, then we need one more vertex to make the
graph disconnected.

3. Algorithm to Find the Split Domination Number of grid graph by partitioning the vertex
set.

Step 1: Divide the grid graph G, ,, by partitioning the vertex set in terms K 3, K; o, K ; and K,
such that

(i) Partitioning A = { Py, P, Ps......P, } is minimum.
() <V(P)>N<V(P) >N N<V(P,) >=¢andv; e< V(P) >,
vy €< V(P2) > if deg(vy) is maximum in < V' (P;) > and vy ¢ N(vq) in Gy .
(i) E(P) N E(Py) = ¢, E(P,) is the edges in < V(P;) >.

Step 2: Suppose A contains atleast two partition set say P;, P, such that < V(P;) >= K and
<V(P)>=Kyand H ={v. e NV(P)NV(P))in Gpnt, A={A—{P, P}}

Step 3: Let D = {v; e< V(P,) >, P, € A/v; is of max deg of < V(P;) > and < V(P;) >#
Kl,l}
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Step 4: IF A contains atleast one partition P;, such that < V(P;) >= K;; with < V(P;) >=
{Vm, v}
GOTO STEP 5.
ELSEIF H = ¢
C=D
ELSE
C=DUH
GOTO STEP 7.

Step 5: For each partition F;.
IF atleast one vertex say vs, vs € N(vy,),vs €< V(P;) >and N(vs) — {v,,} € D.
{vnm} € 8S.
ELSE
{v,}or{v.} € S.
GOTO STEP 5.
Let S be the set of all such vertices.

Step6: IFH =¢and S = ¢

C=D
ELSEIF H = ¢pand S # ¢
C=DUS.

ELSE

C=DUSUH.

Step 7: Find the split adjacency matrix

woo Jui=1 v; is adjacent to v; and v; ¢ C
Y v; =0 Otherwise.

Step 8: IF a;; contains atleast one zero row then, v, = |C|
GOTO STEP 11.
ELSE
GOTO STEP 9.

Step 9: Let {vy} is the row in a;; in which sum of all the elements in {v;} = 1 and 1 is present in
v, column.

Step 10: v, = |C| + |[{v,}| = |C| + 1.
Step 11: END

4. Examples

A ={P, P, Py, Py, Ps}
D = {va,v11,v9, V18, Vs }

3
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Figure 1. A grid graph G4 5

{vis}

{712, V11, Vg, V18, Us, ’015}

The Split adjacent matrix a;; is:

For partition Ps,vs = vy, v, = 15,5

C=DUS =

V2 V3 V4 Vs Vg Uy Vg V9 Vip V11 V12 V13 V14 Vi Vie UVir Vig V19 V20

U1

U1

V2

U3

Vg

U5

V6

U7

U8

V9

V10
V11
V12
V13
V14
V15
V16
v17
V18
V19

V20
Since there exists a zero row vy in a;;. therefore the split domination number v, = |C| = 6.

4



V.R. Girish and P. Usha

Computing the split domination number of grid graphs

P4

V3
@

P2

v16

V15

Figure 2. A grid graph Gz 6
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The Split adjacent matrix a;; is:

V2 V3 V4 Vs Vg Uy Vg V9 V10 V11 Vi2 Vi3 Vi4 VUi5 Vie Vit V18

U1

U1

U2

U3

V4

Vs

V6

v

U8

V9

V10
V11
V12
V13
V14
V15
V16
v17
18
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Since there exists a zero rowvs; in a;;,vs = |C] = 6

g V2 v3 Va4
9 @ @

P1 P2
V5 ¢ vs. v7. ve| |
¢ ® 4
v V10 V11 vi2| |
P3 P4 3
®

V13 V14 V15 V16

Figure 3. A grid graph G4 4

A: {P17P27P37P4}
D = {03771577112,1’14}
H=¢
C=D= {037@570127014}
The Split adjacent matrix a;; is:

vy V2 V3 V4 VU5 Vg U7 Vg Vg V10 Vi1 V12 V13 V14 V15 V16

V1 o 1.0 0O O O O o o0 O 0 0 0 0 0 0
Vo 1 0 0 O o 1 0 0 O 0 0 0 0 0 0 0
V3 o 1.0 1 0O O 1 0 0 O 0 0 0 0 0 0
Uy o 0 o o0 o o o0 1 o0 0 0 0 0 0 0 0
Us 1 0 0 0 O 1 O O 1 O 0 0 0 0 0 0
Vg o 1. 0 o0 O O 1 o0 O 1 0 0 0 0 0 0
vv ] O 0 O O O 1 O 1 0 O 1 0 0 0 0 0
Vg o o o 1 o0 0 1 0 O 0 0 0 0 0 0 0
Vg o 0 0o O O o0 0o o0 o 1 0 0 1 0 0 0
vl O O O O O 1 0 O 1 0 1 0 0 0 0 0
vul O 0 O O O O 1 O O 1 0 0 0 0 1 0
v2l 0 0 0 O O O O 1 0 O 1 0 0 0 0 1
vl 0 0 O O O O O O 1 0 0 0 0 0 0 0
vyl 0O 0 0O O O O O O O 1 0 0 1 0 1 0
vwsl O O O O O O O O O 0 1 0 0 0 0 1
v\ O O O O O O O O 0 O 0 0 0 0 1 0
Since there exists a non-zero row in a;; and v;¢ contains 1 in vifgcolumnm)p, v = |C| +
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Theorem 4.1. For any grid graph G, ,,
(Gonn) = Y(Grn) if (V(Gmn) —Y(Gmn)) is disconnected
Tslrmn) = Y(Gmn)+1  otherwise.
Proof. Let D be the v-set of G.

Case 1: if (V(G) — D) is disconnected, the result follows from the definition of split dominating
set.

Case 2: if (V(G) — D) is connected, then there exists atleast one vertex say v; in D which is of

degree 3 and v; € N(v;), v; is of degree 2. Then D U vy, v, € N(v;) # v;. Since v, is of
degree 2, D U vy, is disconnected. Hence v5(Gpn) = V(Gmn) + 1.

OJ
5. Exact values of v, (G,,.n), m < n.

The exact values of (G, ,,) are obtained by using Theorem 4.1 and [1, 4]

Vs(Gl,n) I.nTHJ
B L"T“J nisevenorn =3
Vs(Gan) = { LHTHJ +1 otherwise.
B L%J n = 0(mod4)orn = 3
Ys(Gsn) = { ESoy RS otherwise.

’75(G47n> =n-+1.

6n+13 =
_ = n=>5+2,p=>2
’Ys(ann) { (6”;8} otherwise.
[10_n7+10 n = 1(modT)
Y5(Gon) = § 105 n=T1p+3p=1
[10”_;121 otherwise
5n+6 —
[ s n=23p,p>3
%(GM) { [%] otherwise.
15n+22 =
%(G&n) { (15718_+14} otherwise.
23n+31 —
e n=1lp+2,p>1
Vs(Gon) = { (% otherwise.

30n+37 n+#13,16,n = 0,3(modl13),n =13p+ 7,p > 1
’Ys(Glo,n) { (30%—%24] 7 ( ) g =
13

otherwise.
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"38n—5|—21‘| n =11,20,22

1
Ws(Gll,n) = % = 15p + 3’p 23
(w otherwise.
80n+95 —
75<G12,n) { [%—I otherwise.
G — [9n111] n = 14,15,17,20(mod33),n = 33p+ 12,p > 1
Ys\G13n) = (%1 otherwise.
35n+40 n = 18(mod22),n = 11p+13,p > 1
i otherwise.

1(Gian) = { [istin
|

442?{27" +1 n = 5(mod26),
Ys(Gis.n) S n=13p+5p=1
(447;;401 otherwise.
18n+21 —
%(Glﬁ,n) = { (ww —4 otherwise.
190423 n=>5p+13,p>1
p— 5 7 -
vs(Girn) { [ww —4 otherwise.
’YS(GIS,TL) = 4n —+ 5
21427 n=>5p+13,p>2
p— 5 7 o
%(Gm,n) { (%1 —4 otherwise.
22n+29 n=>5p+13,p>2
p— 5 ’ a
7s(Gao.n) { (%} —4 otherwise.
23n+431 n=>5p+13,p>2
p— 5 ’ -
’75(G21,n) { [%1 —4 otherwise.
24n+33 —
%(Gm,n) { (%} —4 otherwise.
75(G23,n) == 5n —I'_ 7-
26n+37 —
%(G24,n) { (%} —4 otherwise.



Computing the split domination number of grid graphs

|  V.R. Girish and P. Usha

Table 1. Split domination numbers Vs (G ), m,n < 25

p—
[\
(98]

456 7 8 91011121314151617 18

19 2 21 22 23 24 25H

Nl e N N T 5
=)

101213

12 13 1517
1013151719 21
111417 18 21 23 25
10 12 15 18 20 23 25 28 30
10 13 17 19 22 25 27 30 33 36
11 14 18 21 23 27 30 32 36 39 41
12 1519222529 32 3538 41 45 48
13 16 20 23 27 30 34 37 41 44 48 51 54
9 1317212528 3236394347 50545861
6 10 14 18 23 27 30 34 38 42 46 50 54 57 61 65 69
6 10 15 19 24 28 32 36 40 44 48 52 56 61 65 69 73 77
711 16 20 25 29 33 38 42 46 51 55 59 64 68 72 76 81
71116 21 26 31 35 40 44 49 53 58 63 67 71 76 80 85
712 17 22 27 32 37 42 46 51 56 61 65 70 75 79 84 89
812 18 23 29 33 38 44 48 53 58 63 68 73 78 83 88 93
8 13 19 24 30 35 40 45 50 55 61 66 71 76 81 87 92 97

5
6
7 9 11
8
9

DN bk BB W WWNN N =
O 0 X0 I I AN BB WD
O 001 1N L W

(@)

85

89 93

93 98 102

97 102 107 112
102 107 112 117 122

8 13 192531374247 53 58 64 69 74 80 8590 95 101 106 111 116 121 127 132
914 20 26 32 38 43 49 55 60 66 72 77 83 88 94 99 105 110 115 121 126 132 137 142H
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