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Abstract

For some ordered subset W = {w,ws, -+ ,w;} of vertices in connected graph G, and for some
vertex v in G, the metric representation of v with respect to W is defined as the ¢-vector r(v|W) =
{d(v,wy),d(v,ws),- - ,d(v,w)}. The set W is the resolving set of G if for every two vertices
u,v in G, r(u|W) # r(v|W). The metric dimension of GG, denoted by dim(G), is defined as the
minimum cardinality of W. Let G be a connected graph on n vertices. The thorn graph of G,
denoted by Th(G, 1,15, - ,1,), is constructed from G by adding [; leaves to vertex v; of GG, for
l; > 1and 1 < i < n. The subdivided-thorn graph, denoted by T'D(G, l1(y1),l2(y2), -+, ln(Yn))s
is constructed by subdividing every [; leaves of the thorn graph of G into a path on y; ver-
tices. In this paper the metric dimension of thorn of complete graph, dim(Th(K,,l1,ls, -+ ,1,)),
[; > 1 are determined, partially answering the problem proposed by Iswadi et al [7]. This
paper also gives some conjectures for the lower bound of dim(7Th(G,l,ls,--- 1)), for arbi-
trary connected graph (. Next, the metric dimension of subdivided-thorn of complete graph,
dim(T D (K, li(v1),l2(y2), - -+, 1 (y,)) are determined and some conjectures for the lower bound
of dim(Th(G, 1 (y1),l2(y2), - - ,1.(yn)) for arbitrary connected graph G are given.
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1. Introduction

All graphs are considered finite, simple and undirected. Let G be an arbitrary connected
graph on n vertices and W = {wy,wy,--- ,w;} be an ordered subset of vertices in G. For
some vertex v in (G, the metric representation of v with respect to W is defined as ¢-vector
r(w|W) = {d(v,w,),d(v,ws), - ,d(v,w:)}. The set W is called the resolving set of G if for
every two vertices u, v in G, r(u|W) # r(v|W). The metric dimension of G, denoted by dim(G),
is defined as the minimum cardinality of the resolving set W [2]. Other definitions and graph
terminologies are taken from [3].

Chartrand et al. [2] gave the characterizations of some connected graph G with dim(G) = 1,
dim(G) = n — 1 or dim(G) = n — 2. They also gave the metric dimension of cycle C,,, arbitrary
tree 7', and the bounds for metric dimension of unicyclic graphs. There are many significant results
related to the determination of the metric dimension of graphs. For example, the metric dimension
of fan F;, [1], wheels W,, [9], n-partite complete graphs [8] and Jahangir graph [10].

For some connected graph GG on n vertices, the thorn of GG, denoted by Th(G, 11,1, ,1,),
is a graph constructed by adding /; leaves to vertex v; of G, for [; > 1l and 1 < ¢ < n [I1].
Iswadi et al [7] stated the metric dimension of Th(G, 11,1y, -+ ,1,) for I; > 2 and gave the open
problem for [; > 1. That open problem are partially answered in this paper by determining the
metric dimension of Th(K,,,l1,ls,--- ,1,) for ; > 1. This paper also gives some conjectures for
the lower bound of dim(7Th(G, l1,1s, -+ ,1,)), for arbitrary connected G and I; > 1.

The subdivided-thorn graph, denoted by T'D (G, l1(y1), la(y2), - -+ , 1n(yn)), are constructed by
subdividing every [; leaves of the thorn graph into a path on y; vertices. Next, the metric dimension
of TD(K,,, l1(y1),la(ya), -+ s 1n(yn)) for l;,y; > 1 and 1 < i < n are determined, and some con-
jectures for the lower bound of dim (7' D(G, l;(y1),l2(y2), - -+ ,ln(yn)) for l;,y; > 1 for arbitrary
connected G are given in this paper.

2. Metric Dimension of Thorn of Complete Graph

In Theorem 2.1 the metric dimension of the thorn of complete graph, denoted by H; ~
Th(K,,li,ly,--- 1) forl; =1, 1 < i < nis determined.

Theorem 2.1. Let Hy ~ Th(K,,1,1,--- ;1) for1 <i <n. Then dim(H;) =n — 1.

Proof. Let H1 >~ Th(Kn, 1, 1, Ty 1), with V(Hl) = {’Ui, Uﬁ’l < 1 < n} and E(Hl) = E(Kn) U
{vivi1}. Let Wi = {v1,v9, -+ ,v,_1}. It will be proved that 1V is the resolving set for H;. Note
that

1. d(Ui,’UZ') = 0, d(’Ui,Uj) 7é O,d(Uﬂ,Uz‘) =1for1l S Z,] S n.
2. d(vi1,v;) = 1 while d(vj1,v;) =2for1 <i,5 <n, i#j.
Therefore, since r(u|W;) # r(v|Wy) for every two distinct vertices u, v € V(Hy), then W is the

resolving set for H. It is clear that dim(H;) < n — 1.
Next, it will be proved that WW; is the minimum resolving set. Let Wy, = W; \ {v1} be the

resolving set, such that |WW;;| = n — 2. For other possibilities, the proofs are similar. Because
d(vy,vt) = d(vp,,vy) forevery t € {2,3,--- ,n — 2}, it can be easily obtained that (v, |W11) =
7(v,|Wh1). Therefore, W1y is not the resolving set. O
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The metric dimension of thorn of complete graph, denoted by Hy ~ Th(K,, 1,1z, ,1,), if
l; =1, for some i, 1 <1 < nis given in Theorem 2.2.

Theorem 2.2. Let Hy ~ Th(K,, 1, - ,l,) with exactly one vertex, namely v;, with l; = 1 and
l; >2fori,je€{l,2,--- ,n}andi+# j. Then dim(H,) = > " (l; — 1).

Proof. Without loss of generality, let [y = 1 and [y > 2 fors € {2,3,--- ,n}. Let W5 = {vy|2 <
s <n,1<t<l;—1}, therefore |Wo| = > " (I, — 1) = >, (l; — 1). It will be proved that W5
is the resolving set for H,. Note that

1. d(vs,vs) =1, d(v;,ve) =2for2<s<n, 1 <t<l;—1l,and1 <i<n,i#s.
2. d(vst, vst) =0, d(vij,v) #0for2 < s<n,1<jt<lg—1l,and1 <i<mn,i#s,j#t.

Since r(u|Ws) # r(v|Ws) for every two distinct vertices u,v € V' (Hs), then W is the resolving
set for H,. Therefore, dim(Hy) < > (l; — 1).

It will be proved that W5 is the minimum resolving set. Let W5, = W5 \ {v9; } be the resolving
set, such that |[Wy;| = n — 2. For other possibilities, the proofs are similar. Because d(vq,v;) =
d(v,,vy) forevery t € {2,3,--- ,n — 2}, then r(v1|W1;1) = r(v,|Wi1). Therefore, Wi, is not the
resolving set. Using the similar argument with the proof of Theorem 2.1, we have that dim(Hs) >

Z?:1(li —1). O
In Theorem 2.3 the metric dimension of Th(K,,l1,ly, - ,1,), withl; =1y = --- =1, = 1

forsome k,2 <k <n-—1,[; >2fork+1<j <nisgiven.

Theorem 2.3. Let Hy ~ Th(K,,li, - ,l,), withly =ly = -l = 1fork,2 <k <n—1and

lj >2 fork+1<j<mn Thendim(Hz) =37, (I = 1)+ (k—1).

P}’OOf Let Hg ~ Th(Kn,ll,lg,"' ,ln), with ll = lg = . = lk = 1, for 2 < k < n-— 1.

Let Wy = {v5|]1 < s < k—1}U{vjlk+1 < j <n,1<q <1 —1}. Therefore, |Ws| =
> i—ps1(lj = 1) 4+ (k — 1). It will be shown that I3 is the resolving set. Note that

1. d(vs,vs) =0, d(v;,vs) #0for1 < s <k—1,1<i<n,i#s.

2. d(vjq,vjq) =0, d(Vym, vjg) #0fork+1<jm<n,1<gqt<Il;—1,andm # j,q #t.
Therefore, since r(u|Ws5) # r(v|W3) for every two distinct vertices u,v € V(Hj), Wj is the
resolving set for H3. Then dim(Hz) < 377, (l; — 1) + (k= 1),

Using the similar argument with the proof of Theorem 2.1, we have dim(H3) > 377, | (l; —
1)+ (k—1). u

Based on Theorem 2.1 — Theorem 2.3, Conjecture 2.1 — 2.3 give the lower bounds of metric
dimension of thorn of arbitrary connected graph G on n vertices.

Conjecture 2.1. Let Hy ~ Th(G, 1y, - - - ,1,,) with exactly one vertex, namely v; with l; = 1, [; > 2
fori,je{1,2,--- ,n}, i # j. Then dim(Hy) > >0 (l; — 1).

Conjecture 2.2. Let Hy ~ Th(G,ly,ly, - 1) withly =1y = --- = [, = 1. Then dim(H;) >
n — L

Conjecture 2.3. Let Hg ~ Th(G,ly,--- ,l,) withly =ly = ---l;, = 1 forsome k,2 <k <n—1

andl; > 2, fork+1<j <n. Thend1m(H6)>Z] k+1( -1+ (k—-1).
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3. Metric Dimension of Subdivided-thorn Graph

The subdivided-thorn graph T'D(G, l1(y1),l2(y2), - - - ,ln(yn)) is constructed by subdividing
every [; leaves of the thorn graph Th(G, 1,3, - - ,1,), into a path on y; vertices, where [;, y; > 1,
1 <@ < n. The subdivided-thorn of arbitrary connected G is given in Figure 1.
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Figure 1. TD(G,l1(y1),12(y2), - ,ln(yn))

The metric dimensions of subdivided-thorn graph of complete graph K, are given in Theorem
3.1 — Theorem 3.3.

Theorem 3.1. Let Ly ~ TD(K,,l1(v1),l2(y2), -+ ,ln(yn)), where l; = land y; > 1 for 1 <i <
n. Then dim(L;) =n — 1.

Proof. Let Ly ~ TD(K,, 1(v1), L(y2), -+, 1(yn)), with V(L1) = {v;,vix | 1 <i<m,1 <k <
yi}and E(Ly) = E(K,)U{vvar |1 <i<n, 1 <k <y} LetY) = {11y, Va1gs - 5 Vn—1)1yn_1 }-
It will be proved that Y] is the resolving set for L. Note that
L d(vj,vj1y;) = yj» d(vr, vj1y,) =y + 1, and d(vy, vay,) = e d(vj, vay,) =y + 1, for
1 <j,t <n—1,and j # t; thus the representation of v; and v, are different in the it" and
the j*" position.
2. d(”llylavllyl) = 0, d(vilk‘yvllyl) 7’é 0 for 1 S 1 S n, 1 S k § Yi.
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Therefore, since r(u|Y7) # r(v|Y;) for every two distinct vertices u, v € V' (L), Y7 is the resolving
set for L;. Then, dim(L;) <n — 1.

Next, it will be shown that Y; is the minimum resolving set for L;. Let Y13 = Y7 \ {vi11}
be the resolving set, such that |Yy;| = n — 2. Because d(vi,v;1,,) = d(v,,vj1,;) for every j €
{2,3,---,n — 2}, then r(v1|Y11) = 7(v,,|Y11). Therefore, Y1, is not the resolving set. O

The metric dimension of T'D(K,,, l1(y1),l2(y2), -+, ln(yn), with [; = 1 for some 7, 1 <i < n
is given in Theorem 3.2.

Theorem 3.2. Let Ly ~ TD(K,,l1(y1),l2(y2), -+, ln(yn)) with exactly one vertex, namely v;
withl; = land l; > 2 fori,j € {1,2,--- ,n}and i # j. Then dim(Ly) = > " (I; — 1).

=1

Proof. Without loss of generality, let [; = 1 and [; > 2for s € {2,3,--- ,n}. Let Y5 = {vy,, |2 <
s <n,1<t<l;—1}, therefore |Ya| = > " ,(Is—1) = > (I; — 1). It will be shown that Y5 is
the resolving set for L,. Note that

L. d(vs, Usty,) = Ys, A(Vi, Vsty,) = ys + 1, for2 < s <m, 1 <t <l —1,1<i<n,i#s.

2. d(Vsty,, Usty,) = 0, d(Vijk, Vsry,) 0, for2 <s <m, 1 <t <[, —1,1<i<n,1<j#l,.
Therefore, since (u|Y2) # r(v|Ys) for every two distinct vertices u, v € V' (Ly), Y3 is the resolving
set for LQ. Then dlm(LQ) < E?:l(ll — 1)

By using the similar argument with the proof of Theorem 3.1, then we have dim(Ly) >
Z?:l(li - 1)- [

In Theorem 3.3 the metric dimension of T'D(K,,,l1(y1),la(y2), -+, ln(yn)), With iy = I =
<ly=1forsome k,2<k<n-—1landl; > 2,fork+1<j <nisgiven.

Theorem 3.3. Let Ly ~ T'D(K,,l1(y1),la(y2), -+, ln(yn)) with ly = ly = - -l = 1 for some k,
2<k<n-—1landl; >2 fork+1<j<mn Thendim(Lz) =",  (; = 1)+ (k—1).

Proof. Let Ly ~ TD(K,,l1(v1),l2(y2), - ,ln(yn)) wWith [y = Iy = -1, = 1 for some k, 2 <
k<n-—1landl; > 2,fork+1<j <n. LetY3 = {us]l < s < k—l}U{v]qy k+1<
j<n1<qg< l — 1} Then, [Y3| =377 ;. (l; — 1) + (k — 1). It will be shown that Y3 is the
resolving set for L3. Note that

1. d(vs,vs) = 0,d(vs,vs) #0for1 < s <k—1,1<i<mn,i#s.
2. d(Vjgy;, Vigy;) = 0, d(Vpip, Vjgy;) # 0fork+1 < j,m <n,1 < q,t <Il; —1,p # y;, and
m# j,q 7 t.
Therefore, since r(u|Y3) # r(v|Y3) for every two distinct vertices u, v € V'(L3), Y3 is the resolving
set for Lz. Then, dim(Lz) < Y37, (l; — 1) + (k= 1),
By using the similar argument with the proof of Theorem 3.1, we have that dim(L3) >
2kl = 1) + (k—1). O

Based on Theorem 3.1 — Teorema 3.3, some conjectures on the lower bound for metric dimen-
sion of the thorn-subdivided graph for arbitrary connected graph G are given.
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Conjecture 3.1. Let Ly ~ TD(G,l1(v1),l2(y2), -+ ,l.(yn)) with exactly one vertex, namely v;
withl; =landl; > 2 fori,j € {1,2,--- ,n}. Then dim(Ly) > "1 (I; — 1).

Conjecture 3.2. Let Ly ~ TD(G,l1(y1),l2(y2), -+, ln(yn)) withly =1y = --- =1, = 1. Then
dim(Ls) > n — 1.

Conjecture 3.3. Let Ls ~ T D(G,l1(y1),lo(y2), + ,ln(yn)) with ly =1y = - - - Iy, = 1 for some k,
2<k<n-—1landl; > 2, fork+1<j<n.Then dim(Lg) > Z?:kﬂ(lj — 1)+ (k-1).
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